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Introduction

* BCS to Bose-Einstein crossover — Pairing
* Polaron crossover — Polarization

BEC in ultracold gases

\ | \ | \ |
0 -2 0 2 4

1/1(1:&

Fermion bound state

[I.Bloch J.Dalibard W.Zwerger Rev. Mod. Phys. 80, 885 (2008)]
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Introduction

* BCS to Bose-Einstein crossover — Pairing

®* Polaron crossover — Polarization

Polaron crossover in magnanites

T<T*

~2.01 A 2O0(2)

ket

~192 A s1
v/
Mn
~2

PM Polaronic

FIG. 4. Pictorical view

of the MnO,, octahedral local distor-

tions in the metallic and insulating phase.

[A.Lanzara et al. PRL 81,
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Outline

Polarization crossover
* Holstein model, polarization, bipolarons
* The classical limit of the Holstein model, polarization crossover
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Holstein Model

—wOZaTaz—t Z ,m gz T+az C; oC
Hel

<1,7>,0

Adiabatic ratio: ! =" o/D (D=half bandwidth)
e-b coupling (adiabatic 7 <1): A =2¢*/wyD
e-b coupling (antiadiabatic !> 1): !
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Holstein Model: polarons & bipolarons

Atomic limit t=0

H =1!,afa—g) (af +a)n,

Density dependent displaced harmonic oscillator

lattice polarization

r=a+a Pl)=<!|lz><z/l >
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Holstein Model: polarons & bipolarons

Atomic limit t=0 H = woa’a —g» (al + a)n,

n=0 free oscillator b x )4
E() =0
XO =0 |
X0
n=1| polaron
P P(x) 1
B = —g% /wg
X1 =2g/wo :
X1

n=2 bipolaron

E, =2E; —29°/!
Xo = 4g/' 0
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Holstein Model: polarons & bipolarons

Atomic limit t=0 H = woa’a —g» (al + a)n,

n=0 free oscillator p)}
EQ:O
X():O |
Xo
_ 9.1
o= wWo = 2
<€ >

n=2 bipolaron

E, =2E; —29°/!
Xo = 4g/| 0
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Path integral in a nutshell

P2
H=—+V(X
o TV (X)

Z :tre—5H:/dx<x e PHE|X >
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Path integral in a nutshell

P2
H=—+V(X
o TV (X)

Z :tre—f”f:/dx <X |lePHE|X >

(e! ATH)M ' 7 =08/M Trotter formula

Z = /dx /dxlééﬁfdxM <X e HEIX;>< X (e HIXy> A4& X e HIX >
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Path integral in a nutshell

P2
H=—+V(X
o TV (X)

Z :tre—f”f:/dx <X |lePHE|X >

(e! ATH)M ' 7 =08/M Trotter formula

Z = /dx /dxlééﬁfdxM <X e HEIX;>< X (e HIXy> A4& X e HIX >

2
o AVH _ LA V/26! Al 5?6! Al'V/2 4 0(! 72) Suzuki formula
P2
< Xylet ATH| X, >= ¢! ATV(X1)/2 Xile' AT | Xy > ¢ ATV (X2)/2

2 (X 1! X 5)2 X 1! X 5\2
< Xl‘G_A! ;T|X2 >0X e_m 12A72 — e_m?A! ( 1A7- 2)
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Path integral in a nutshell

LIV

om
Zoc/dX/Xm---/dXMe! S
1 /X! X, \° _
S= > Ar §m< ~ 1) +V(X;) Xo=2X
i=1,M+1 T Xm+1 =X
Kinetic Potential
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Path integral in a nutshell

P
H=_——+V(X
o TV (X)

Zoc/dX/Xm---/dXMe!S

1 /X! X 1\~ _
S= > Ar —m( ~ 1) +V(X;) Xo=2X
i=1 M+1 T Xm+1 =X
Kinetic Potential
lim lim
YRE Al 0

six) = [ dr [ém (x() + V<X<T>>] Action

Z = | DX(7)e S[X] Partition function as path

integral
X (0) =X (B)
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Holstein Model: path integral

Z = /HiDXi(T)Hi,! DG (1)Dey, (1)e oleeA]

S[c,c,X]:%Z/OBd! (éx’f(!wxf(! ))— Sh

B B
—Z/ dic, (! )(#:9$ +ti,j)cj,a(!)+\/°_/oZ/ diX;(M)n;o(1)

i7j70- ’I:,O'

integrating bosons out...

o Effective fermionic action
e Electron properties

integrating electrons out...

e Effective bosonic action
* Boson properties
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Holstein Model: path integral

Z = /HiDXi(T)Hi,! DG (1)Dey, (1)e oleeA]

S[c,c—:,X]:%Z/OBd! (éx’f(!wxf(! ))- Sy

B B
—Z/ dic, (! )(#:9$ +ti,j)cj,a(!)+\/°_/oZ/ diX;(M)n; (1)

’I:,j,O' ’I:,O'

integrating bosons out...

o Effective fermionic action
e Electron properties

integrating electrons out...

e Effective bosonic action
* Boson properties
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Holstein Model: integrating electrons out
integrating electrons out...

Y /HiDXi(T)e_Sb[X] /Hi,gDEi,J(T)DCZ‘,J(T)G_SQL[C’E’X]

Z = / ;DX (1)e v

Polarization distribution at site k

P(X) = % / L, DX;()et o X1 Smc Xl — X;.(0))
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Holstein Model: classical limit

1" S B N
Sph[X]:§ ; dTr w—gX@ (T)"‘XZ (7_)

Xi(1y=0
X()=X(0)= X(")
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Holstein Model: classical limit

! B " . g
SonlX] = dr =X (1) + X2(r)

X(1)=X(©0)=X()

7 — /HidXz-e_Sph(X)—Smt(X) e Classical anharmonic oscillators

S, (X) = —log [tr e~ #He(¥)] * Electrons moving in site-dependent
gaussian random potential
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Holstein Model: bipolaron formation (DMFT)
classical limit
Polarization distribution at impurity site

P(X) = % dXOe—Sph (Xo0)—Sint (XO)(S(X — Xo) e~ Sint(Xo) (HnGgl(iwn) + gX0>2
4.5 1 r 1
4 ﬂ A=025 ——
’=0.65 ——
39 A=0.75
3 Y -
o 25 ¢
<
< 5 | 10 > i g
15 |
| N
0.5 f /v(
0 1 . ! ¢ . |
-3 -2 -1 0 1 2 3

[A.J. Millis, Mueller, Shraiman Phys. Rev. B (1996)]
[S.C.,F. de Pasquale Phys. Rev. B (1999)]
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Outline

Pairing crossover
* The negative U limit of the Holstein model
* The “centroid” variable
 Pairing in the Holstein and attractive Hubbard model
* FDT for centroids
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Holstein Model: path integral

Z = /HiDXi(T)Hi,! DG (1)Dey, (1)e oleeA]

S[c,c—:,X]:%Z/OBd! (éx’f(!wxf(! ))- Sy

B B
—Z/ dic, (! )(#:9$ +ti,j)cj,a(!)+\/°_/oZ/ diX;(M)n; (1)

’I:,j,O' ’I:,O'

integrating bosons out...

e Effective fermionic action
* Electron properties

integrating electrons out...

e Effective bosonic action
* Boson properties
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Holstein Model: integrating bosons out
integrating bosons out...

Z = 1L, ,D% ,(1)Dei o (1) IEDXj(r)e SerlXI SaleoX]

Z = /! i1 DCiy (T)Deyy (7)€ Fesrled

p
Serfle, Z/ d7C; o (T)(0760; j + 15 j)Cjo(T) + = Z / drdr ' D(T — 7)n; o (T)ni o (77)
1,5,0 i,0,0" 0
D(r) =" T.X(r) X (0)#
2
) oon
D(iw,) =! o2+l
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Holstein Model: integrating bosons out
integrating bosons out...

Z = 1L, ,D% ,(1)Dei o (1) IEDXj(r)e SerlXI SaleoX]

Z = /! i1 DCiy (T)Deyy (7)€ Fesrled

p
Serfle, Z/ d7C; o (T)(0760; j + 15 j)Cjo(T) + = Z /o drdr ' D(T — 7)n; o (T)n4 1 (77)
D(r) =" T.X(1)X(0) .
Dy e attractive retarded
) =t v density-density interaction
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Holstein Model: large frequency limit
integrating bosons out...

Serrle, cl Z/ d7Ci o (T)(070; j + 15 j)Cijo(T) + = Z / drdr' D(1 — 7")n; o (T)n; 5 (77)

1,7,0 i,0,0"

D(r)=1" T, X(7)X(0)? .
W2 attractive retarded

D(iw,) ="' —; 5 . . . .
Wy, + W density-density interaction
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Holstein Model: large frequency limit
integrating bosons out...

Serrle, cl Z/ dT¢; 5 (7)(0:0i ; + i j)Cio(T) + = Z / drdr' D(1 — 7")n; o (T)n; 5 (77)

1,7,0 i,0,0"

D(r)=1" T, X(7)X(0)? .
D) —1 b attractive retarded
BT density-density interaction

CIEe

! ! é!
2

attractive instantaneous
density-density interaction

Seff [C, E] = — dTCi) (7‘)(8#5i,j + i, )Cj,! (7’) — dTn;) (T)ni,! /(7‘)

ij) U i 0

...negative U Hubbard model
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Negative-U Hubbard model
H = —t Z C;:JCJ',U — U Z N; +N; |

<%,7>,0

2

attractive coupling: U = wi (bipolaron binding energy)
0

. . .U
adimensional e-e coupling: 5=
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Negative-U Hubbard model: DMFT phase
diagram at half filling

Hard core bosons

0.16 1 1 '
o ' ' ' ' ] . ¥ DMFT
0.14 - 0.14 | ? , BCS
e i # Bose
0.12 i i 0.12 : & BCSeor
.::.-' o *
0.1+ I 0.1}
0.08 |- | =
é = 008}
0.06 |
0.06 | i T
0.04 1 0.04 | \‘ :
METAL % PAIRING
0.02 - % i 0.02 |
et * % 2 COEXISTENCE REGION
0 | | ” ] ] 1 O 1
1 2 3 4 5 6 5
U/D BEC

[A. Toschi, P. Barone, M. Capone C. Castellani NJP 7, 7 (2005)]
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Holstein Model: large frequency limit
restoring the “boson” variables...

S[C,C,X]:%Z/fd! (% (1) + X 2(! ))-

B
3 [ )8, + ) () VIR /d'x o)

“bosons’ becomes Hubbard-Statonvich variables...

1
exp(= Az) \/ﬁ/dmexp —5517 + zA)

* H-S variables conjugated to density (attraction)
e H-S variables have no defined polarization
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Holstein Model: large frequency limit
restoring the “boson” variables...

S[C,C,X]:%Z/fd! (iQ (1) + X 2( )>_

B
—Z/ AT o (D) (#r S+ 1.)C 0 +\/%Z/ d!X 5 (1)n; (1)

“bosons’ becomes Hubbard-Statonvich variables...

1
exp(= Az) \/ﬁ/dmexp —5517 + zA)

e H-S variables conjugated to density (attraction)
e H-S variables have no defined polarization

Can we describe pairing by means distribution functions of
H-S variables?
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Path integrals: end-point & centroid

endpoint X (0) = X ( )i :

X (0) = X (1)

centroid:”classical” position of the quantum particle

1 B
X, = — dr X (T
5/0 (7)
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End-point & centroid for an harmonic oscillator

endpoint distribution = thermal+quantum fluctuations

X2
&4(T)

hwo

) A1) = ktanh( Bhiwg /2)

P(X)! exp("

centroid distribution — thermal fluctuations

k
2 e —

Xe
262(T)

P(Xc) X exp(—

centroid distribution is non-trivial for H-S variables ( fiwg — 00 )
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Path integrals: end-point & centroid

endpoint X (0) = X ( )i :

X(0)=X() > bimodality of P(X):
polarization crossover

centroid

1 [P
Xe= — / dr X (1) > bimodality of P(X):
B Jo paring crossover
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Holstein model: pairing (DMFT)

centroid distribution i location of the pairing
bimodality crossover
0.55 —_— '
T=0.25D
T=0.5D
0.5 =28 .afy) T=D
: T=2D + *
it F g T=4D
s 0.45 ' A ?j » T=8D )
c<— 0.4 ,";"‘ ‘ [‘:
o N H
~ °s o s o
0.35 | 17 i A
0.3 | |
0.25 |
0Ll 1 10
U/D= A

[S. C., G. Sangiovanni, and M. Capone Phys. Rev. B 73, 245114 (2006)]
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Holstein model: pairing (DMFT)

centroid distribution i location of the pairing
bimodality crossover
s A A 0.55 .
2 EEE T=0.25D
g 5 v T=Oo5D
S 0.5 | v =38 s T=D
L - g ¥ & T=4D
-0.4 -0.2 ‘(I') 0.2 0.4 o 0.45 - ! " ?i » T=8D °
i_ 0.4 r x';' /[‘;?
= 5
- e & o
0.35 | r L
i f \\ g I ’ »
A 0.3 | ‘
= ; ‘-\
n:J' -0.4 -0.2 0 0.2 0.4 O * 25 # i
T x 0Ll 1 10

U/D= A

[S. C., G. Sangiovanni, and M. Capone Phys. Rev. B 73, 245114 (2006)]
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Holstein model: DMFT phase diagram at half-
filling

10

Polarization

F L
0.1}

0.01 |

Pairing L

0.1 r

0.01

[S. C., G. Sangiovanni, and M. Capone Phys. Rev. B 73, 245114 (2006)]
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The “classical” FDT for centroids

Fluctuations-Response

Static external field N; coupled locally with an operator 1,

H:H’—Zhimi

Static response

0 .
Xi,7 — 57 < m; >
J

i = /O dr [< () (0) > — < 7 (7) < iy (0) ]

h=0

Classical limit (5! 0)

Xij = B< i my > —<m ><mj >, _,
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The “classical” FDT for centroids

Fluctuations-Response

Static external field N; coupled locally with an operator 1,
H=H - hm,
Quadratic interaction...

U
H' =Hy! EZm?
i

...linearized by H-S transformation

S'1X] =Sy +%Z/dTXi2(T) — \/EZ/dTXi(T)mZ‘(T)

“classical” fluctuations-response for centroids

1
L :U[" (KX ciXej > —<Xgi ><X¢j >)—#j |
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The “classical” FDT for centroids

“classical” fluctuations-response for centroids

L =$[" (KX ¢iXgj > —<Xg¢i >x<X¢j >)—# |
Half-filled negative-U Hubbard model (DMFT) (8! " ) (*)
k Uk
U < U, Xii =~ 2 5 ~
< Ug2 0,1 1-—-(]/l]é2 < Z&}(é > ﬁgil-—-lf/l]éz
U>Usp Xii>=0 <AX:>~U
Centroid distribution across MIT
A A <£’.
P(XC) {I U < U62 P(XC) {. “ U > U62
I 'll I
[ | ) .;'.L J'k )
X X,

&
[(*) A. Georges et al. Rev. Mod. Phys. 68, 13—-125 (1996)]
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Outline

Negative & positive U
e Spin & pseudospin
* Divergent precursors of the Mott transition
* Generalized centroid distributions
* Positive U AFQMC & centroid distributions
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Negative vs positive U at half-filling

Negative U Positive U
U U
H = H —EZ(ni,T+ni,¢—1)2 H = H —EZ(W,T—W,UQ
Piz=MNi++mn; —1 M . =140 1
:Jr .CT m:CTCTG(CT>
p=I(cp,c))o ‘| (epe)) e
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Negative vs positive U at half-filling

Negative U

U
H=H —EZ(ni,T+ni,¢—1)2

i
Piz="mnip+n; —1
T G

P = (CT,Q) o Ci

e H-S variable conjugated to
pseudo-spin

e Bimodality of charge centroid
distribution — local pairs

e Centroid variance — local
charge susceptibility

Friday, September 6, 2013

Positive U
U
H=Ho— 2 ) (g —niy)°

M, =14+ 14

m:(CLCi)G ( “f )

C|

* H-S variable conjugated to spin

e Bimodality of spin centroid
distribution = local moments

* Centroid variance — local spin
susceptibility



Negative vs positive U at half-filling

Negative U Positive U
U U
H = H —EZ(ni,¢+ni,¢—1)2 H=H —§Z(n¢,¢—nz‘,¢)2
i 1
Piz=mni++mn; —1 M, =4t Tl
_ ot G _ (ot t
p=(c.c)o Ci m = (cp,c)) o (%)

Use the bimodality of charge centroid distribution in the Holstein model at
large frequency to guess the position of the Fermi liquid / local moments
crossover in the positive U Hubbard model (DMFT)

Compare the position of this crossover with that of precursor of the Mott
transition (DMFT)
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Divergent precursor of the Mott transition

local charge susceptibility matrix (DMFT)
[!(wﬂnﬂn::j/dTﬂh@dﬂﬁf”“”1e@%+wﬁ7e_“””+“”3x

x {Trct(11)e(m2)c! (13)e(0)) — (Tret (11)c(12)) (Trc (73)c(0))

P e
— —— | — —<
x = xo0! xol'x Bethe-Salpeter equation
X 1
r=!""t-1g irreducible (p-h) vertex
X

[T. Schafer, G. Rohringer,0. Gunnarsson, S. C., G. Sangiovanni,
and A. Toschi PRL 110, 246405 (2013)]
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Divergent precursor of the Mott transition

local charge susceptibility matrix (DMFT)
! (w)]n.m :/dﬁdngTge—iV”“e(””+°")72e_i(”mJF“)T?’><

X <T7-CT(Tl)C(TQ)CT(Tg)C(O)> — <TTCT (71)0(7'2)> <TTCJr (7’3)0(0)>

4" w+ v,

— R I e
— —— | — —<
X = xo0! xoT'x Bethe-Salpeter equation
L .
r=!1-t-1g irreducible (p-h) vertex
X
charge Xc =Xttt X1l 14, W+ U
>
- ' pp
P-P , :

spin Xs = X1t — X1l ' Ym
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Divergent precursor of the Mott transition
| charge: diverges at W=vn=vm=0 at Tp.n(U)
| p-p:  diverges at W=vn=vm=0 at T;.,(U)

| spin:  regular

Divergence of ! imply beaking of Kadanoff-Baym perturbation theory

el
5G(1,2)

— %(1,2)

521 G

5G(B.A8GL2) - 123
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Divergent precursor of the Mott transition

0.25 —r -
1} o2l ‘ T/U =~3/(2n) _ »
0.15 F s -
01}
0.8 fo.05}
o L
1.2 N1.7
0.6
- NRG [30]
0.4} )
(1)
0.2 B 7 g
0 k g 1 l(") . —
0 0.5 1 1.5 2 2.5 \ 3 3.5 4
U

[N. Blumer, Ph.D thesis, Augsburg, (2003)]

[T. Schafer, G. Rohringer,0. Gunnarsson, S. C., G. Sangiovanni,
and A. Toschi PRL 110, 246405 (2013)]
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Divergent precursor of the Mott transition

0.25 —r . .
1} o2} ‘ T/U =~3/(2x) .
0.15 | 2 ‘
01}
0.8 Fo.os}
0 [ |
1.2 1.7
0.6}
- NRG [30]
04¢} /
(1)
0.2 B 7 g
0

0 05 1 15 2 25 3 35 4

Ucdyn
[M.Eckstein, M.Kollar,P.Werner PRL 103, 056403 (2009)]

[R. Zitzler, Ph.D. thesis, Augsburg, (2004); R. Bulla PRL 83, 136 (1999
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Vertex divergence and centroid bimodality

1.4
1.2 spin centroid;/ .’ ‘

1} ;

/o—h vertex
0.8} ' g '
=
0.6F i
p-p vertex
0.4} J
0.2} I
lMIT (Uc2)
075 1 2 3 4 5

[T. Schafer, G. Rohringer,0. Gunnarsson, S. C., G. Sangiovanni,
and A. Toschi PRL 110, 246405 (2013)]
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Generalized centroid distributions

arbitrariness in choosing H-S decoupling

U U
H=Ho—5 > 5. — H=H! -} 0,

1

> 0> 1> [

( cos@) sin(Ae® 0 O \
sin(@e*® —cos@) 0 O
0 0

integrate over equivalent directions n P, = 0 0
\ 0 0 0 0)

Z= 1iD"i(1)DXi(1)e = X1 .DE o(1)Da o (1 )e S 08X 09
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Generalized centroid distributions

arbitrariness in choosing H-S decoupling

2 1,2

1

U U
H=Hy——= ) !7 H=Hy' - ;
’ - ’ Zz;pz’” > 0> (1> [

( cos@) sin(Ae® 0 O \
sin(@e*® —cos@) 0 O
0 0

integrate over equivalent directions n o 0 0
\ 0 0 0 0

7 /! D" Z’(T)DXZ'(T)Q! Suas[X]! SindX,0,0]

generalized centroid distributions

008 r
006 *
004 =
002 ¢

0 r

01 - =0 U>Uc T/D=0.0l 023 ¢ H=0.1

[F. de Pasquale S.C. Physica B 284, 1573 (2000)]
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Centroid distribution from auxiliary field QMC
QMC for ground state

’\IJO S Blllm e# B(H# ET)‘\IJT > — ]\}}m Hz’:l,Me# AT(H# ET)‘\pT >

I Al I Al I Al I Al
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Centroid distribution from auxiliary field QMC
QMC for ground state

Uy>= lim € # B(H# E) Wpr>= lim II,— 1Me# AT(H# ET) W >
B Wik

I Al I Al I Al I Al
e AlH e Al'H 0/26' AV e AlH 0/2_|_0(A7_2)

Auxiliary fields (H-S transformation)
V=1A°

M
exp(= )@2) = —/daz exp(——x ) T. = %sz
1=1

e Distribution of centroids is a byproduct of QMC scheme
» Easy access to response by use of FDT for centroids
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Centroid distribution from auxiliary field QMC
QMC for ground state

Uy >= lim PHAET) |1 > = lim II,_q & 27HEED) | @, >
1N M ’

I Al I Al I Al I Al
e AlH e Al'H 0/26' AV e AlH O/Q—I—O(ATQ)

Auxiliary fields (H-S transformation)

V=1A°
1. 1 1 ) 1 &
exp(=8%) = —— [ deexp(—=z*+ =2 :—E -

e Distribution of centroids is a byproduct of QMC scheme
» Easy access to response by use of FDT for centroids

[Hao Shi and Shiwel Zhang arXiv:1307.2147 (2013)]

Charge H-S decoupling can improve stat. errors w.r.t. discrete spin Hirsh-Fye
decoupling in the positive U Hubbard model
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Outline

® Introduction

® Polarization crossover
* Holstein model, polarization, bipolarons
* The classical limit of the Holstein model, polarization crossover

@® Pairing crossover
* The negative U limit of the Holstein model
* The “centroid” variable
 Pairing in the Holstein and attractive Hubbard model
* FDT for centroids

® Negative & positive U
e Spin & pseudospin
 Divergent precursors of the Mott transition
* Generalized centroid distributions
 Positive U AFQMC & centroid distributions

© Conclusions
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Conclusions

*** Analysis of bosonic path statistics can provide a method to determine the local polarization
crossover in the normal state for a polaronic system as well as the pairing crossover once
centroids of the bosonic paths are considered.

¢ Using the same method it is possible to locate the spin crossover from Fermi Liquid to Local
Spin in the normal phase of the positive U Hubbard models.

¢ A general relation holds between centroid moments and generalized N-particle
susceptibilities. In particular a “classical” relation holds between the variance of the centroid
and the susceptibility of the conjugated variable.

¢ Centroid distributions are byproduct of Auxiliary Field QMC.

+¢* Divergence of the irreducible local vertex (p-p,p-h) is a precursor of the Mott transition at
zero temperature but occurs well inside the local spin region at high temperature.

Is there a qualitative difference between the intermediate U low temperature regime T<0.1D
and the high temperature regime T>0.1D?

Test the relation between vertex anomaly and non-equilibrium properties in the Falicov-Kimball
model (CPA)
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