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From Bloch to Wannier

Bloch functions Wannier functions

Wi X Wo(X)

WR) = ¥ Jdk e R [P k)

BZ
Vi (%) w;(X) Transform k < R;
I\ T is spectator
\J \J d J V Properties:
Wi X) W,(X) “periodicity" Wwr(r) = wo(r —R)
I\ orthonormality
\] (WnR|wmR’) = 8nmbrr’

from Marzari et al.
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Gauge freedom

Bloch functions Wannier functions
Wi (¥ Wo(X)
%M‘fx But [\p k) carries arbitrary phase ¢ (k)
Vi) w;(x) = WR) = Jdk eH(® k) —kR) |y, gy
I\ BZ
\] \] J : V strongly non-unique (shape, localization)
Vi) W) ~> choose ¢ (k) for maximum
I\ localization of [w R)

from Marzari et al.
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Maximally localized WF (Marzari-Vanderbilt)  iaraicta. rve zory

In the multiband case, e'*'*) — unitary matrix

wnR) = Jdk e kR Z ul®) W mk)

BZ

Total spread
/\» gauge dependent
Q= Z(Ar2>n = +
n "~ gaugeindependent

~> MLWF procedure: minimize

e input: M0) — (y mk|e T (K+P) | nk
> wien2wannier
e optional input: A} = () mk| gnk

e output: C(HRL )
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Maximally localized WF (Marzari-Vanderbilt)  iaraicta. rve zory

In the multiband case, e'*'*) — unitary matrix

wnR) = Jdk e R > ulk) i mk)

BZ

Total spread
/\—» gauge dependent

Q= ZAr U]+ O

. gaugeindependent

~» MLWF procedure: minimize f)[u] (Wannier90)
e input: M{}-0) — (1) mk|e T (K+P)| )y nk)
> wien2wannier
e optionalinput: A'*) = ( mk| g nk)
e output: UK, (HR),..)
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Wlenzwan nlel’ [Kunes et al., Comp. Phys. Commun. (2010)]

MLWF from full-potential LAPW code WIEN2k

interface to Wannier90

L]
k k,b
> A Mo
> initial projections: atom-centered basis functions, rotations
o real-space plots (wplot)
~ XCrySDen, VESTA
e available from wien2k.at -+ unsupported

to be included in WIEN2k 14.1 distribution
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Applications of MLWF

analysis of chemical bonding

electric polarization and orbital magnetization
~ BerryPl [Ahmed et al,, Comp. Phys. Commun. (2013)]

Wannier interpolation K — K

H(K)e -2 H(R) g T H(K)| 5

Wannier functions as basis functions

» tight-binding model H(k) = U™ (k) (k) U(k)

~ realistic dynamical mean-field theory (DMFT)
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Ch0|ce Of Wannler Su bSpaCG [Kunes et al., Comp. Phys. Commun. (2010)]
15 SrVO5:

1T0] ~SN P

Energy (eV)

0

R r X M I

3-band projection

V-centered t,4 orbital
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Ch0|ce Of Wannler Su bSpaCG [Kunes et al., Comp. Phys. Commun. (2010)]

Energy (eV)

0

R

3-

r X M I R r X M

band projection 14-band projection

°
V-centered t,4 orbital
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u, u’, J for trg Wannier orbitals [Ribic, EA, et al, arXiv1405.7232]

Local Coulomb interaction in cubic symmetry:

U intra-orbital repulsion

U’ inter-orbital repulsion

] Hund's exchange [Held, Adv. Phys (2007)]

Uu=u’+2J
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u, u’, J for t, Wan

nier orbitals

Local Coulomb interaction i

U intra-orbital repulsion
U’ inter-orbital repulsion

] Hund's exchange

n cubic symmetry:

U = U’ + 2] for atomic orbitals

4 in crystal: hybridization

= 3 independent parameters

SrVO;  BaOsO;

(3d) (5d)

1.06 1.32
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u, u’, J for trg Wannier orbitals [Ribic, EA, et al, arXiv:1405.7232]

Local Coulomb interaction in cubic symmetry:

U intra-orbital repulsion
U’ inter-orbital repulsion

] Hund's exchange

U = U’ + 2] for atomic orbitals

2in crystal: hybridization = 3 independent parameters

Sr'VO; BaOsO; BaOsO;
Bd)  (5d) tyg+p

1.06 1.32 0.98
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woptic

e adaptive k-integration e including local self-energy X (w) (DMFT)

e optical conductivity o(k,w) e thermopower

e full matrix elements (\ [V| 1)

,9 from WIEN2k
: B
= - g LiZnSb Fermi-surface
' "o
. - ] \ N
% NAL
i //:
/ /’1
oW X WK ///m
>
CCRRNPY S A | P
S | 2
L
-2
(Aluminum) |
[). Sofo]
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Tetrahedral mesh management

tetrahedron T has integration error estimate e

refineTifer > © rr}a}x €T/

» “harshness” © € [0, 1]

enforce

» at most one
> for convergence

enforce “shape stability”

> no heavily-distorted octahedra
> avoid large integration errors
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Tetrahedral mesh management

tetrahedron T has integration error estimate e

refine Tif er > ©®Omaxer/
T/

> e [0,1]

» at most one “hanging node”
» for stable convergence

enforce “shape stability”

> no heavily-distorted octahedra
> avoid large integration errors

enforce “regularity” 1
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Tetrahedral mesh management
/%
tetrahedron T has integration error estimate e
refineTifer > © max €T 7\

Y=

[0> 1]
N
™
enforce %
at most one l\
for convergence @ />\< Zﬂ
|
e enforce “shape stability” J 8 \
» no heavily-distorted octahedra o 2
» avoid large integration errors @l}\
2 &/
NB% 14
[Ong, SIAM |. Sci. Comput. (1994); i .
Endres & Krysl, Int. ]. Numer. Meth. Engng. (2004)] Kuhn tnangUIatlon
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Bloch’s theorem
H=-V2+V(r) with V(r+R)=V(r)
has solutions H [bnk) = e, (k) b nk)
with  Pnk(r) = ™ uni (r);

Unk(r+R) =un k(r) and en(k+K) =en(k)

(Simultaneous eigenbasis of H and translation operators ?R)

“Usual” basis for solid-state calculations

But for many applications, a localized basis is preferable
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r-localization and k-smoothness

E

sinx + 1sin3x + -+ §sin9x [WR) = Jdke —kR) b k)

BZ

Idea: choose ¢ (k) for maximum
localization of [w R)

oy

sinx + 1sin3x+ -+ ;5 sin49x
Fourier series converges faster for
smoother functions:

const
n/P

ﬁ

feCP=|fl <

sinx + 1sin3x + - - + 535 sin 249x

[Wikipedia, “Gibbs phenomenon’]
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From bands to WF

isolated band isolated group of bands entangled bands

AN AN AN

k k
wk) = et ®™ |y k) wnk) =UX ppmk)  pwnk) = UXVE pmk)

mn

k
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Disentanglement

Cu (fcc):
20 X
< :; N e What to do when #bands > #wF?
éﬂ ; e Ansatz: Select “optimally smooth” subspace
S .
% ~ rectangular matrix Vi (#bands(k) x #WF)
10 N
r I Qp=0;V]
éﬁ @ > minimize Q;[V]
from Marzari et al. Q= _O.[U} + O [V]
5 d-like wr,

2 interstitial s-like WF

4 woptic not implemented with disentanglement
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Anatomy of a calculation

WIEN2k

Kohn-Sham states

lbnk(r)v En(k]

wien2wannier
k-space overlaps
MKD)

mn

<1bm,km’n,k+b>

Elias Assmann (TU Vienna)

optic
-——— momentum matrix
Wkl Vipmi) |
.. . .
woptic
BZ integration
= o(w), 0(0),S
Wannier90
max. loc. WF
Wir(T)

= self-energy > (w)
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Transport properties with WIEN2k

e BoltzTrap

» semi-classical (Boltzmann)
> band velocities d¢(k)/dk instead of momentum matrix elements ({ |V|)

e BoltzWann
» similar, with Wannier functions

e woptic
» quantum-mechanical linear response (Kubo)
» adaptive Bz integration
» inclusion of local self-energy ~(w)

» more information:

> WIEN2k.at — reg. users — unsupported — wien2wannier
> woptic preprint
> Wissgott et al., PRB (2012)
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Calculating optical conductivity and thermopower

Very schematically:

e linear response (Kubo formula): H=Ho+A(t)B

~ (A () = (A)g—+ Jtoodt')\(t’)<[A(t), B(t')] >O 4o
e 0, S: current operators ~ W' V¥ — (V¥ )@
Xta(r =t =t ~ ot — ) {([i(r,v), i, )] )
Xt (=1t —t) ~ e(t—t’)<5(r,t), Q)]

el. current operator heat-current operator
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Interpolation and random-phase problem
10 &
N

N

E(k)
% o~ | - Hy (k)

e DMFT in Wannier basis =
— self-energy Z; (w) 5 7§§ Eb(k)

— spectral function A (k, w)

e in evaluation of xs:

- tr{v(k) A(k) v(k) A(k)}
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Interpolation and random-phase problem

E*(k)
— 7 =
b % o O B - Hyw (k)
e DMFT in Wannier basis T~
— self-energy Z; (w) -5 §—: /
\
T

N\
//

/
NN
AN

E°(k)

1
A

l

— spectral function A (k, w)
-10

M R r

X
<

e in evaluation of xs:

-~ tr{v(k) AK) v(k) A(k)} from DMFT

~— L momentum matrix (w nk|V|w mk); from WIEN2k

4 b nk) carries random phase ¢, (k), which propagates to v but not A
e problem with w-w (vyyx Ay VyzAzw) and w=1 (vy,1 A4 VixAxy) terms

~ interpolate v(k) — v(k)
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