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Kurzfassung
In dieser Dissertation werden verschiedene neuartige Phänomene in magnetischen und
magnetoelektrischen Materialien mit einer breiten Auswahl an statischen und dynamis-
chen Messmethoden untersucht.
Der magnetoelektrische Effekt wird direkt an Samarium Ferroborat, SmFe3(BO3)4,

gemessen. Dort beobachten wir entlang der dreifachen Symmetrie-Achse die Sättigung
der magnetisch induzierten elektrischen Polarisation bei kleinen Feldern und eine an-
schließende Unterdrückung der Polarisation in starken gepulsten Magnetfeldern. Entlang
einer anderen kristallographischen Richtung erhalten wir eine nicht-lineare induzierte
Polarisation, entsprechend der dreifachen Symmetrie des Kristalls.

In Holmium-dotierten Langasit, HoxLa3−xGa5SiO14, wird ein ungewöhnlicher magne-
toelektrischer Effekt gefunden, welcher mit zwei verschiedenen Ansätzen modelliert wird.
Hierbei wird sowohl die besondere Winkelabhängigkeit des magnetoelektrischen Effekts
berüksichtigt, als auch die magnetischen Eigenschaften. In diesem Material zeigt sich
in der ungeordneten paramagnetischen Phase eine rätselhafte Kombination aus linearen
und höchstgradig nicht-linearen magnetoelektrischen Signalen. So wächst die elektrische
Polarisation linear mit dem Magnetfeld, aber oszilliert viele Male unter der Rotation des
Magnetfeldvektors. Diese Analyse liefert neue Einblicke in die Magnetoelektrizität von
nicht-zentrosymmetrischen und paramagnetischen Verbindungen. Zusätzliche Erkennt-
nisse werden über die magnetischen Eigenschaften der Seltene-Erden-Langasite durch
die Messung der paramagnetischen Resonanz in einem Mach-Zehnder-Interferometer im
Sub-THz Bereich gewonnen. Bei dieser Untersuchung von HoxLa3−xGa5SiO14 wird auch
von der Entdeckung eines starken Phonons bei ähnlichen Energien berichtet, welches
eine ungewöhnliche Kopplung an ein angelegtes Magnetfeld zeigt, das zu einer Ver-
schmälerung der Phononenresonanz führt.

In dünnen Filmen aus ferrimagnetischem Yttrium-Eisen-Granat wird bei der sub-
THz-Spektroskopie bei der magnetischen Resonanz ein zusätzlicher Dämpfungsterm
beobachtet. Dieses Phänomen kann von der intrinsischen Dämpfung durch eine Analyse
der komplexen Transmission bei verschiedenen Resonanzfeldern und durch die Messung
unterschiedlich dicker Proben mit unterschiedlichen experimentellen Geometrien separi-
ert werden. Der vorgeschlagene mikroskopische Mechanismus basiert auf der kohärenten
Reemission der einfallenden elektromagnetischen Welle durch einzelne magnetische Mo-
mente. Dadurch kann die beobachtete Dämpfung mit dem magnetischen Äquivalent der
Superradianz in Verbindung gesetzt werden.

In den magnetoelektrischen Multiferroika GaV4S8 und Mn2Mo3O8 wird Drehmoment-
magnetometrie verwendet, um die Übergänge zwischen verschiedenen Quantenphasen
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zu identifizieren. Es zeigt sich, dass die Winkelabhängigkeit des magnetischen Drehmo-
ments ein nützliches Werkzeug ist, um konventionelle Messungen der Magnetisierung
zu ergänzen. Außerdem kann sie auch bei der Bestimmung der Spinstruktur in diesen
Materialien helfen.
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Abstract

In this dissertation, various novel phenomena in magnetic and magnetoelectric materials
are investigated by a variety of static and dynamic methods.
A direct measurement of the magnetoelectric effect (MEE) is performed for samarium

ferroborate, SmFe3(BO3)4. There we observe along the threefold symmetry axis the
saturation of magnetically induced electric polarization in small fields and subsequent
suppression of the polarization in strong pulsed fields. Along a different crystallographic
direction, we obtain a nonlinear induced polarization that is consistent with the threefold
symmetry of the crystal.

In holmium-doped langasite, HoxLa3−xGa5SiO14, an unusual effect is found and mod-
eled with two different approaches. This includes the special angular dependence of the
magnetoelectric effect as well as the magnetic properties. In this material a puzzling
combination of linear and highly non-linear magnetoelectric responses in the disordered
paramagnetic state coincide. In particular, the electric polarization grows linearly with
the magnetic field, but oscillates many times upon rotation of the magnetic field vector.
This analysis provides new insights into the magnetoelectricity of non-centrosymmetric
and paramagnetic compounds.

An additional understanding of the magnetic properties of the rare-earth langasite
compounds is obtained by measuring the paramagnetic resonance in a sub-THz Mach-
Zehnder interferometer. This investigation of HoxLa3−xGa5SiO14 also reveales a strong
phonon at similar energies, exhibiting an unusual coupling to an applied magnetic field
that unexpectedly induces a narrowing of the phonon resonance.
In thin films of ferrimagnetic yttrium iron garnet, an additional radiative damping

term is observed by sub-THz-spectroscopy at the magnetic resonance. This phenomenon
can be separated from the intrinsic damping by an analysis of the complex transmission
at different resonance fields and by measuring samples of different thicknesses with dif-
ferent experimental geometries. The proposed microscopic mechanism is based on the
coherent re-emission of the incident electromagnetic wave by individual magnetic mo-
ments, allowing a relation between the observed damping and the magnetic equivalent
of superradiance.
In the magnetoelectric multiferroics GaV4S8 and Mn2Mo3O8 torque magnetometry

is used to identify and resolve the transitions between different quantum phases. It is
found that the angular dependence of the magnetic torque is a useful tool to complement
conventional measurements of the magnetization, and can also help in determining the
spin structure in these compounds.

iii





Contents

1 Introduction 1

2 Experimental techniques 3
2.1 Sample Characterization . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Static Properties Measurement Techniques . . . . . . . . . . . . . . . . . 3

2.2.1 Impedance Analyzer . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2.2 Electrometer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2.3 Vibrating Sample Magnetometer . . . . . . . . . . . . . . . . . . 7
2.2.4 Torque Magnetometer . . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Dynamic Properties Measurement Techniques . . . . . . . . . . . . . . . 8
2.3.1 Backward Wave Oscillator . . . . . . . . . . . . . . . . . . . . . . 8
2.3.2 Bolometer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3.3 Cryostat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3.4 Optical Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Magnetoelectric Effect 15
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1.1 Linear Magnetoelectric Effect . . . . . . . . . . . . . . . . . . . . 16
3.1.2 Higher Order Magnetoelectric Effects . . . . . . . . . . . . . . . . 18
3.1.3 Microscopic Mechanism . . . . . . . . . . . . . . . . . . . . . . . 20
3.1.4 Magnetoelectric Multiferroics . . . . . . . . . . . . . . . . . . . . 22
3.1.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 Theory of the Magnetoelectric Effect in Rare-Earth Ferroborates . . . . . 24
3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Magnetoelectric Effect in Samarium Ferroborate 29
4.1 High-Field Magnetoelectric Effect . . . . . . . . . . . . . . . . . . . . . . 29
4.2 Induced Polarization along the c-axis . . . . . . . . . . . . . . . . . . . . 34
4.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5 Magnetic Properties and the Magnetoelectric Effect in Ho-Langasite 37
5.1 Simple Phenomenological Model of the Magnetoelectric Effect . . . . . . 37

5.1.1 Holmium Langasite . . . . . . . . . . . . . . . . . . . . . . . . . . 37
5.1.2 Magnetization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

v



Contents

5.1.3 Magnetoelectric Effect . . . . . . . . . . . . . . . . . . . . . . . . 41
5.2 Extended Model of Magnetic Structure in Ho-LGS . . . . . . . . . . . . . 46

5.2.1 Breaking of Local C2 Symmetry . . . . . . . . . . . . . . . . . . . 46
5.2.2 Magnetization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.2.3 Magnetic Torque . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
5.2.4 Fitting the Magnetic Structure . . . . . . . . . . . . . . . . . . . 50
5.2.5 Paramagnetic Resonance . . . . . . . . . . . . . . . . . . . . . . . 56
5.2.6 Induced Electric Polarization . . . . . . . . . . . . . . . . . . . . 59
5.2.7 Open Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.3 Electron-Phonon Coupling in Rare-Earth Langasites . . . . . . . . . . . . 65
5.4 Excitation in the Complex Transmission . . . . . . . . . . . . . . . . . . 67
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6 Identifying Quantum Phase Transitions by Torque Magnetometry 73
6.1 Transition of Cycloidal Phase to Skyrmion Lattice in GaV4S8 . . . . . . 73

6.1.1 Identifying Phase Transitions by Magnetic Anisotropy . . . . . . . 74
6.2 Magnetic anisotropy in the antiferromagnetic multiferroic Mn2Mo3O8 . . 76

6.2.1 Manganese Molybdenum Oxide . . . . . . . . . . . . . . . . . . . 77
6.2.2 Magnetization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
6.2.3 Magnetic Torque . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

7 Radiative Damping in Yttrium-Iron-Garnet Films 83
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
7.2 Experimental Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
7.3 Analyzing the Transmission Spectra and Separating Intrinsic and Radia-

tive Damping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
7.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

8 Conclusions 95

Acknowledgments 97

Bibliography 101

vi



1 Introduction
Nearly every field of technology relies in one way or another on the development of new
materials to either steadily improve functionality or to open completely new domains
with the discovery of novel physical effects. This is especially true for the field of mi-
croelectronics, which is a primary driver of the huge changes seen in the everyday lives
of most people during the last century, for example, due to the emergence of the first
computers and smartphones.
A frequently mentioned candidate for the next leap in microelectronics are magne-

toelectric materials, which are based on the coupling of electric and magnetic material
properties. This coupling is not to be confused with the dualism of both fields in elec-
tromagnetic waves, as described by James Clerk Maxwell [1]. Even though the first
induction of a magnetization in a dielectric material by moving it through a constant
electric field was discovered already by Wilhelm Röntgen [2] in 1888, an internal coupling
of electric and magnetic properties, as described by Pierre Curie [3] and further elabo-
rated by Landau and Lifshitz [4], was not experimentally confirmed before the discovery
of a linear magnetoelectric effect in the 1960’s by Astrov [5]. Subsequently, research on
magnetoelectricity was focused on the search for new magnetoelectric materials proving
to be useful for applications by exhibiting stronger coupling and better operating tem-
peratures. However, recent scientific attention has been drawn to many novel phenomena
found to emerge in magnetoelectrics and in multiferroics. In this work, a wide range of
experimental methods was used to investigate novel magnetoelectric effects in a diverse
selection of magnetoelectric materials. These effects included both static and dynamic
phenomena as well as non-negligible higher order terms.

In Chapter 2 different experimental setups are described. Primary measurements were
performed using different operating modes of a commercially available Physical Prop-
erties Measurement System, equipped with a 14T magnet, as well as a quasi-optical
Mach-Zehnder interferometer, equipped with a 7T magnet.

As previously stated, the magnetoelectric effect is the connecting concept between the
samples investigated in this work. Therefore an extensive discussion about this effect
is presented in Chapter 3, where the historical background will be briefly summarized,
some potential applications introduced, and different realizations of the magnetoelec-
tric effect elaborated. This includes the linear and higher order effects, magnetoelectric
multiferroics and a model of the magnetoelectric effect in rare-earth ferroborates [6].

Chapters 4, 5, 6, 7 represent the primary body of work, showcasing all measurements
of the different material classes studied. Chapter 4 focuses on SmFe3(BO3)4, a member of
the well investigated rare-earth ferroborates, known for exhibiting a giant magnetoelec-

1



1 Introduction

tric effect [7]. However, the model developed in [6], based on the magnetism of the Fe-
and the Sm-ions, does not give a perfect agreement for the electric polarization induced
by a high magnetic field. This indicates an inaccurate assumption of the Fe-Sm molecu-
lar field based on the estimated Landé-factor of Sm. By performing measurements in a
pulsed high magnetic field, we overcome the difficulties in determining the Landé factor
and refine this model. Moreover, the previous theory does not account for a magnetically
induced polarization along the crystal’s threefold axis, as it is limited to the first order
approximation. We present the first experimental observation of such a higher order
magnetoelectric effect in SmFe3(BO3)4 and propose a simple phenomenological model
based solely on symmetry considerations.
In Chapter 5, a more extensive model is developed to explain the unusual magneto-

electric effect observed in HoxLa3−xGa5SiO14. In this non-centrosymmetric material, a
linear magnetoelectric effect is forbidden by the crystal symmetry, but emerges at small
magnetic fields on top of a higher order effect. The effect is observed when measuring
the electric polarization along the high symmetry axis and when rotating the magnetic
field around this axis. A model to explain this phenomenon is developed in two steps.
First a phenomenological model is proposed by only taking into account the magneti-
cally induced magnetization and polarization curves. This model is then revisited and
expanded by taking into account the magnetic anisotropy and the paramagnetic reso-
nance, as obtained by sub-THz-spectroscopy. In the same chapter a puzzling coupling
between a low-frequency phonon and applied magnetic fields is explored and discussed.
In Chapter 6, the quantum phase diagram of two transition metal multiferroics is

investigated by torque magnetometry. It is shown that this simple experimental method
represents a valuable technique to complement magnetization curves when identifying
magnetic phase transitions. In GaV4S8, the torque measurements prove to be useful for
accurately measuring the phase transition of a cycloidal spin structure into a skyrmion
lattice. In the polar magnet Mn2Mo3O8, we resolve the transitions between the different
phases of antiferromagnetically coupled magnetic moments.
In Chapter 7, a novel magnetic superradiance effect is revealed in thin films of yttrium

iron garnet using the technique of transmission spectroscopy in a quasi-optical Mach-
Zehnder interferometer under applied magnetic fields. The versatility and sensitivity of
this experimental setup can be used to distinguish between subtle differences in the
ferrimagnetic resonances originating from changes of the experimental geometry, sample
thickness and resonance frequency. Using this sensitive data, we can separate the internal
contribution to the line width of the resonance from the contribution of the radiative
damping, which is identified as a ’superradiating’ effect.
The conclusions of this work are provided in Chapter 8.
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2 Experimental techniques

For the investigations reported in this thesis, a wide range of experimental techniques
was used, falling into three categories: measurements of static phenomena, dynamic
phenomena and sample characterization. A short introduction of the used experimental
setups is given in this Chapter.

2.1 Sample Characterization

The samples have been characterized by several experiments that will be briefly in-
troduced. A Laue diffractometer was used to confirm and accurately determine the
orientation of the langasite compounds and the SmFe3(BO3)4 samples. The accurate
orientation is of particular importance for the measurements of the angular dependence
of the magnetic properties and the magnetoelectric effect. The diffractometer is based
on the diffraction of a non-monochromatic X-ray beam on the crystal lattice.

The purity of the langasite crystals was probed with a scanning electron microscope
operating with back scattered electrons. The accurate value of the holmium content
in the HoxLa3−xGa5SiO14 samples (Chapter 5) is essential to analyze the correspond-
ing measurements and was obtained by comparing a Ho-langasite sample with a pure
langasite crystal (x = 0) in a total reflection x-ray fluorescence (TXRF) analyzer1.

2.2 Static Properties Measurement Techniques

Static phenomena were mostly explored by different options for a commercially available
Physical Properties Measurement Systems (PPMS) of the company Quantum Design.
The PPMS is a variable temperature-field system providing a noteworthy versatility due
to its modular structure. It can operate in a temperature range of 2K - 400K and is
equipped with a helium-cooled superconducting 14T magnet. For the measurements in
this work we used the commercial vibrating sample magnetometer and torque magne-
tometer options, complemented with an electrometer and an impedance analyzer.

1This sample characterization measurement was kindly performed by our colleagues Peter Kregsamer
and Christina Streli from the Institute of Atomic and Subatomic Physics of the Vienna University
of Technology.
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Figure 2.1: Schematic visualization of the circuitry of two experiments that were used to
investigate the dielectric permittivity and the magnetoelectric effect. Both
setups are based on the PPMS as the central element, in which the temper-
ature T and the magnetic field H can be varied.
A Simplified circuitry of the Alpha-A High-Resolution Measurement Sys-
tem, which is used to determine the samples dielectric permittivity ε∗s . A
sinusoidal voltage U0 is applied and simultaneously the response current I0

is measured.
B The essential part of the Keithley Electrometer, which is used to measure
the charge Qs, which is magnetically induced on the sample surfaces. The
charge is transferred onto a known capacitor CF and the balancing voltage
amplified and read-out.
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2.2 Static Properties Measurement Techniques

2.2.1 Impedance Analyzer

The dielectric permittivity of the sample can be measured by exchanging the multimeter
with an impedance analyzer; in the presented measurements the Alpha-A High Reso-
lution Measurement System of the company Novocontrol Technologies was used. Even
though the frequency dependent dielectric permittivity is a dynamic sample property,
we used the impedance analyzer for determining its static limit by measuring at low
frequencies.
The impedance analyzer applies a sinusoidal voltage U(t) = Re(U0 exp(iωt)) with a

fixed frequency ω and amplitude U0 to the sample capacitor, i.e. the two silver paste
electrodes on opposite sample surfaces. Here t is the time, with t = 0 chosen in such a way
that the equation holds. This voltage induces a current to flow through the sample I(t) =
Re(I∗ exp(iωt)) with the same frequency, but an amplitude I0 = |I∗| and phase shift
tan(ϕ) = Im(I∗)/Re(I∗) that depend on sample properties. The obtained impedance
Z∗ = U0

I∗
can be used to get the dielectric permittivity of the samples

ε∗ =
d

ε0A

1

iωZ∗
, (2.1)

where d is the thickness of the sample and A the surface of the silver paste electrodes.
The frequency range of the Alpha-A Analyzer spans from 3µHz to 20MHz and measures
the relative impedance with an accuracy of < 3 × 10−5 and the absolute phase angle
with < 0.002◦. A simplified sketch of the circuitry is shown in Fig. 2.1 A.

2.2.2 Electrometer

The measurements of the magnetoelectric effect are performed by using a commercially
available multimeter of the company Keithley Instruments. It measures the charges
that are induced in two silver paste electrodes, which are prepared on opposite sample
surfaces and connected to the electrometer, which detects the charges that are induced
by the applied magnetic field, as shown in Fig. 2.1B. A capacitor with an accurately
known capacity CF is placed in the feedback loop of an operational amplifier (OP).
The induced charge on the sample Qs is stored on this capacitor and matched via the
OP with a balancing voltage V . This voltage is then amplified by a second OP and
finally measured. Due to the known capacity CF, the charge can be recalculated by
the expression Qs = CFV . The electrometer is equipped with four capacitors to resolve
charges down to 10 fC and up to 2.1µC.
Due to the upper limit of the magnetic field provided by the PPMS, additional high-

field measurements of the magnetoelectric effect were performed in a pulsed magnet at
the Dresden High Magnetic Field Laboratory (HLD) at the Helmholtz Zentrum Dresden-
Rossendorf.
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Figure 2.2: Schematic visualization of the circuitry of two experiments that were used
to investigate the magnetic properties of the sample. Both setups are based
on the PPMS as the central element, in which the temperature T and the
magnetic field H can be varied. A Simplified structure of the Vibrating Sam-
ple Magnetometer. The oscillation of the sample magnetization Ms induces
a voltage U in the pickup coils.
B The circuitry of the Wheatstone bridge, which is the central element of
the Torque Magnetometer. A non-parallel applied magnetic field and sam-
ple magnetization lead to a torque T, which induces a variation of electrical
resistance in two piezoresistive paths, which is then matched by two known
high-precision resistors. The balancing voltage is measured to determine the
magnetic torque.
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2.2 Static Properties Measurement Techniques

2.2.3 Vibrating Sample Magnetometer

The vibrating sample magnetometer (VSM) is a DC magnetometer that measures the
samples magnetization by reading out the voltage

Vcoil =
dΦ

dt
(2.2)

that it is induced in a pickup coil by the change of magnetic flux Φ over time t, when
the sample is oscillated in the vicinity of the coil. The characteristic vibration of the
sample at a frequency of 40Hz and an amplitude of 2mm is generated by a linear
motor. Using a lock-in detection technique of the amplified induced voltage, a resolution
of 10−6 emu is achieved. A sketch of the experimental setup is shown in Fig. 2.1C.
Additional low field measurements were performed in a SQUID magnetometer2 with a
rotatable sample holder, which provides the angular dependence of the magnetization.
This measurement of the magnetization in static ’low’ fields is complemented by high-
field measurements performed in a pulsed magnet with field strengths up to 56T in the
High Field Laboratory at the Helmholtz-Zentrum Dresden-Rossendorf in Germany. This
magnetometer is based on a similar principle as the VSM: The induced magnetization
leads to a voltage in pickup coils that can be read-out. But instead of oscillating the
sample in a DC magnetic field in the vicinity of the coils, the change of magnetization
is generated by the pulse nature of the field.

2.2.4 Torque Magnetometer

Measuring the torque that is induced by an applied magnetic field B on a sample with
magnetization µ is given by

τ = µ×B . (2.3)

The torque magnetometer option for the PPMS is designed to measure this property
accurately to give insights into the magnetization of the investigated material. The sam-
ple is mounted on a lever sample stage that is only connected to the sensor by two
piezoresistive legs, wherein a torsion leads to a change in resistance. If a magnetization
is induced that is neither parallel nor perpendicular to the applied field, Eq. (2.3) gives
a non-zero torque τ that is read-out by the difference of resistance ∆R = R1 − R2 in
the two piezoresistive paths, which is extracted by a Wheatstone bridge circuitry, as
visualized in Fig. 2.1D. Two accurately known high-precision resistors are connected
and a balancing voltage is used to determine ∆R, which is induced in both legs by the
proportional magnetic torque. The sensor chip is mounted on a horizontal rotator op-
tion, which provides a full rotation of the sample around an in-plane axis of the thin
plate sample in the magnetic field. Therefore a full measurement of τ can be performed

2These measurements were performed by Vsevolod Ivanov at the Prokhorov General Physics Institute
of the Russian Academy of Sciences.
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2 Experimental techniques

with two complementary cuts of the investigated crystal. Nevertheless the sample size
is limited due to the rather small size of the torque sensor chips (1.5 × 1.5mm) and the
maximum torque of 10−5 Nm. Above this limit the torque magnetometer enters a non-
linear regime and the chip can break. The gravitational background can be subtracted
by a measurement of the paramagnetic samples in zero magnetic field. This setup pro-
vides the possibility to measure field scans of the magnetic torque for a fixed angle, or
resolving the angular dependence of the torque at a fixed magnetic field.

2.3 Dynamic Properties Measurement Techniques

In addition to the investigation of static properties, a quasi-optical sub-THz Mach-
Zehnder interferometer (Fig. 2.4) was used to explore dynamic phenomena. On the
one hand this frequency range is perfect for electron spin- and ferromagnetic resonance
spectroscopy, but on the other hand we also report the observation of an optical phonon,
which is a rather unusual finding in this frequency range. The experimental setup is
schematically shown in Fig. 2.4. The central element of the setup is the splitting of the
electromagnetic wave into two separate beams, which interfere again before the signal
is detected. The traveled distance of both light paths is equal, but while one beam
travels only in free space, the second beam is transmitted through the sample. Since the
samples refractive index deviates in general from the refractive index of air, the optical
path length of both beams are usually not the same. However, the length of the sample
beam path can be adjusted by an automatically movable mirror, which maintains a zero
difference of both optical path lengths. The mirrors position can therefore be translated
into the phase shift that occurs when the wave is transmitted through the sample. Hence,
by simultaneously measuring the absorption coefficient, the complex refractive index n∗
of the investigated material can be recalculated. The interferometer can also operate
at a ’transmission-only’ mode, where the reference beam is blocked and a mechanical
chopper is installed in the main beam. This setting provides quicker and more accurate
measurements of the transmission through the sample, while the phase information is
lost. The absolute value of the transmission is determined in this case, by comparing the
transmission through the sample with a reference measurement, in which the sample is
removed from the beam.
The experimental setup allows for either frequency scans at a fixed applied mag-

netic field, or measuring at a fixed frequency while sweeping the magnetic field. In the
following, we will have a closer look on the different elements of the Mach-Zehnder
interferometer.

2.3.1 Backward Wave Oscillator

To enable the investigation of a broad range of sub-THz phenomena the source of a
Mach-Zehnder interferometer has to meet certain requirements, foremost the provision

8



2.3 Dynamic Properties Measurement Techniques
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Figure 2.3: Schematic of a backward wave oscillator in accordance to [8] is shown on
the top. The heater (1) induces the emission of electrons in the cathode (2),
which are then accelerated onto the anode (4), forming an electron beam
(3), which is collimated by a magnetic field (5). The periodic slow structure
(6) induces a grouping of the electrons, which generates the electromagnetic
wave (7) that is led out by a waveguide (8). The cooling system is not shown
for the sake of simplicity. In the bottom, the frequency range of the eight
backward wave oscillators of different construction. The overlap of a few
lamps is useful to combine the spectra of different frequency ranges.

of monochromatic light in a broad frequency range with a reasonably high intensity. In
the presented research a set of eight backward wave oscillators (BWO) was used to meet
those requirements. BWOs are electrovacuum generators of continuous electromagnetic
waves with tunable frequencies in the range of ±30% around the central value and a char-
acteristic output power of 10mW, which can reach up to 200mW for long wavelengths
lamps [8], as shown in Fig. 2.3. The radiation is generated by a very delicate mechanism,
including the need for high voltage, high vacuum and the resilience to high temperatures.
A stream of electrons is created by a heated cathode and accelerated by the application
of a high voltage of up to 6.5 kV onto an collector anode, while being collimated by an
applied magnetic field. This electron beam travels over a comb-like electrode consisting
of up to 200 closely placed plates, which functions as a slowing system. This leads to
a periodical bunching of the electrons, which generates an electromagnetic wave that
travels in the opposite direction of the electrons on a waveguide into free space; hence
the name ’backward wave’. Since the frequency of the output radiation is determined by
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the separation of the rods and the kinetic energy of the electrons, which is transferred
by the slowing system onto the electromagnetic wave, the described frequency tuning
can be achieved by a variation of the acceleration voltage. A frequency of approximately
0.03 - 1.1THz is covered by a set of nine BWOs. Either air or water cooling is needed to
establish a stable operation of the lamps. Even though BWOs are nearly perfect for these
kind of scientific applications, the industrial production is nowadays strongly reduced.

2.3.2 Bolometer
The sub-THz beam can be detected by any far-infrared detector. For this purpose a
commercially available helium-cooled infrared bolometer was used, since it provides a
significantly higher sensitivity than a comparable room-temperature device (e.g. Golay
cell). The bolometers principle of operation is fairly simple. The incoming radiation is
absorbed by a semiconductor, which leads to a rise of temperature that can be read
out by the change of resistivity. To maintain a continuous operation mode, the heat
has to be transferred quickly to the temperature reservoir. Therefore, a low specific
heat of the semiconductor is desirable to allow for a high speed operation mode, as
well as a large temperature coefficient to increase the bolometers sensitivity. In the
case of a helium cooled bolometer, these quantities need to satisfy the requirements
for temperatures around 4.2K. A continuous comparison with the zero signal is needed
to get good absolute values for the absorbed intensity and to increase the signal to
noise ratio. This is either realized by operating at destructive interference (transmission
and phase mode) or with a mechanical chopper (transmission only mode) and a lock-in
amplifier. However, it should be mentioned that due to a possible change of transmission
through the sample, the ’destructive interference’ is just a minimum of the signal and
only zero, if the amplitude of sample and reference beam are equal before interfering in
the final polarizer.

2.3.3 Cryostat
The sample is mounted in a magneto-optical cryostat with four Mylar windows, which
provides magnetic fields of up to 7T. The field is generated by a superconducting coil
in a helium bath and can be applied in the horizontal plane either parallel (Faraday
geometry) or perpendicular (Voigt geometry) to the beam path by rotating the cryostat.
The sample can be cooled down to 1.8K by pumping the sample chamber with liquid
helium.

2.3.4 Optical Elements
Due to the long wavelength of the sub-THz radiation, conventional glass lenses used for
optical interferometers are not compatible with this setup. Therefore the lenses are made
from polyethylene or teflon, materials that are transparent and have a low refractive
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Figure 2.4: Schematic setup of the Mach-Zehnder interferometer. The operation princi-
ples of source (BWO) and detector (bolometer) are explained in the text.
top Voigt geometry: The spherical lenses (1) are used to either transform
divergent light into parallel beams or focus the radiation onto the sample (5),
which is mounted in a magneto-optical cryostat, or the detector. A metallic
wire grid is used to linearly polarize (2) and split (3) the beam. A motorized
mirror (6) is installed in the sample beam (blue), which adjusts its optical
path length to interfere destructively with the reference beam (red), which
runs over a modulating mirror (4).
bottom Faraday geometry: The linear polarizer (2a) is complemented with
a circular polarizer (2b), as explained in the text. A chopper (7), coupled via
a lock-in amplifier with the bolometer - is used to improve the absolute sig-
nal. No reference beam can be used in this setup, which therefore only allows
for measuring in transmission mode. Due to this fact, the beam splitters and
the motorized mirror can be removed and replaced by simple mirrors (8).
Further optical elements like attenuators and additional polarizers were left
out for the sake of simplicity. Both setups are explained in more detail in the
text.
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index in this frequency range. Here, we will shortly explain all optical elements of the
interferometer ordered from source to detector (Fig. 2.4).

The first lens transfers the divergent radiation emitted by the BWO into a parallel
beam. Since the intensity of the BWOs cannot be controlled directly, a set of four
combinable attenuators is used, which transmit 30%, 10%, 3% or 1% of the signal,
respectively. The next element on the beam path is only used for the ’transmission-only’
mode: a mechanical chopper, operated at a frequency of 23Hz and connected to the
detection unit. It continuously provides a zero signal over the course of the complete
measurement. Due to the fact that the light emitted by the lamp is monochromatic, but
not always perfectly polarized, a wire grid polarizer, which consists of a parallel grid of
thin tungsten wires, with an inter-wire distance of 0.03mm, is installed to control the
polarization based on the following principle. The unpolarized light can be described
as the sum of two perpendicularly linear polarized waves. The wave thats polarized
perpendicular to the wires is not affected by the grid (wave length λ � dwire thickness
of wire), but for the parallel wave the wires function as a metal surface: The electron
gas is set into oscillation by the wave and emits a secondary wave; the beam is reflected.
For achieving a circular polarization a combination of wiregrid and mirror is placed in
a 45 ◦ angle to the light beam (shown in Fig. 2.4). The light polarized perpendicular to
the wires passes the grid, is reflected by the mirror and passes the grid again, where it
interferes with the parallel polarized light that is reflected by the grid. When the distance
between grid and mirror is exactly a quarter of the wave length, hence giving this optical
element the name λ/4-plate, the resulting wave will be circularly polarized. However,
the circular polarized light can only be used in the ’transmission only’ mode. Due to the
described working principle of a linear polarizer, the same element is used as a beam
splitter, splitting the light into reference and sample beam. The latter is focused by a lens
onto the sample, which is mounted inside the magneto-optical cryostat and transferred
back into a parallel beam by another lens. For a better comparability two equal lenses are
installed in a similar matter in the reference beam. While the mirror in the sample beam
is motorized to maintain the destructive interference as mentioned above, the mirror
in the reference beam oscillates with a frequency of Ωmod ≈ 28Hz and an adjustable
amplitude. This modulation mirror is primarily used to provide the information about
the transmission of the sample, as described below. A second beam splitter is installed
to combine both beams again, which then interfere in another polarizer, before the
combined light gets focused into the bolometer.

The phase shift can be read out directly by the movement of the motorized mirror,
which maintains an equal optical path length. Therefore the reference and sample beam
lengths have to be calibrated to find the movable mirrors ’zero position’, by removing
the sample out of the sample beam and finding the zeroth order of the destructive
interference. The polarizer in front of the detector has to be set in such a way that the
electric fields of reference Eref(t) and sample beam Esam(t) are subtracted from each
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other. Therefore the intensity as measured in the bolometer is given by

I(t) = |Esam(t)− Eref(t)|2

= |Esam,0 e
i(ωt+∆ϕ) − Eref,0 e

i(ωt+APM cos(Ωmodt))|2 (2.4)
= E2

sam,0 + E2
ref,0 − 2ErefEsam cos(∆ϕ− APM cos(Ωmodt)) ,

where the starting point of the time t = 0 was chosen in such a way that the equations
hold. Here ω denotes the lights frequency and Esam,0 and Eref,0 are the amplitudes of
sample and reference beam, respectively. While the phase shift between both beams
∆ϕ is constant over time, the induced phase shift by the modulation mirror with an
amplitude APM and a frequency Ωmodt is time dependent. The movable mirror adjusts
the phase difference to ∆ϕ = 2πm by moving to the closest minimum, where the integer
m denotes the order of the minimum. The direction that it has to move to is obtained by
analyzing the modulated signal. A measurement of the spectra can be used to confirm
that in fact the zeroth order was achieved, via the position of the minimum

∆l = (n− 1)d−mλ , (2.5)

where n (= 1 for the calibration measurement) is the refractive index and d the thickness
of the sample. ∆l is only independent of the wavelength λ at m = 0, when the dispersion
of n is small enough that ∆n · d� λ can be assumed.

While the transmission phase can be easily calculated by the position of the movable
mirror, i.e. the minimum, the transmission is obtained by the curvature of the signal
modulated around the minimum and extracted by the applied lock-in technique.

2.4 Summary
The experimental setups introduced above allow for an extensive investigation of mag-
netic and magnetoelectric compounds, as presented in Chapters 4-7. For this work, the
direct observation of the magnetoelectric effect via the combination of an Electrometer
and Physical Properties Measurement System is essential. The magnetic properties are
investigated in the static regime by a Vibrating Sample Magnetometer and a Torque
Magnetometer and complimented by dynamic measurements of the magnetic resonance
in a Mach-Zehnder interferometer operating with monochromatic sub-THz radiation.
The latter also allows for the investigation of other dynamic phenomena, like a low-
frequency phonon (Chapter 5.3) and the magnetic equivalent of superradiance (Chap-
ter 7).
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3 Magnetoelectric Effect

In this section the magnetoelectric effect will be introduced, considering the historical
background, prominent compounds and possible applications. Further details can be
found in recent reviews about the linear [9] and higher order [10] magnetoelectric ef-
fects (MEE) and magnetoelectric multiferroics [11; 12]. Moreover, the quantum theory
developed for describing the MEE in rare-earth ferroborates [6], which will be applied in
Chapter 4 and expanded in Chapter 5 for the MEE in HoxLa3−xGa5SiO14, is presented
and discussed.

All materials that were investigated in this work are magnetoelectric. While the rare-
earth langasites are paramagnetic and dielectric (showing no ferroic order), yttrium iron
garnet is ferrimagnetic and SmFe3(BO3)4 has even two coupled ferroic orders (anti-
ferromagnetic and ferroelectric) and is, therefore, considered to be a magnetoelectric
multiferroic. While these materials are based on magnetic rare-earth ions, the samples
investigated in Chapter 6 are transition metal magnetoelectric multiferroics.

3.1 Introduction
The possibility of a correlation of magnetic and electric material properties were first
discussed by Pierre Curie [3], as a consequence of his hypothesis: ’[...] when certain causes
produce certain effects, the elements of symmetry of the causes must be found in the
effects produced’1, which became later known as Curie’s principle. However, it took
more than 65 years until the realization that a breaking of time-reversal symmetry is
mandatory to get a magnetoelectric response, as formulated by Lev Landau and Evgeny
Lifshitz [4]. This lead to the first observation of an intrinsic ME in the form of an induced
magnetization by (and linearly on) the application of an electric field in Cr2O3 [5]. It is
quite remarkable that the reverse effect, an electric polarization induced by a magnetic
field, was only measured a year later [13], since nowadays the latter effect is considered
to be more easily detectable, which becomes obvious after the derivation of the essential
equations, as discussed below. Both parts of the magnetoelectric effect in Cr2O3 revealed
the same linear dependence, manifest in the linear magnetoelectric susceptibility αij, in
consistence with the theory and as presented in the following.
The linear (αij, SI-unit: s/m) and higher order (βijk, SI-unit: s/A; γijk, SI-unit: s/V)

magnetoelectric effects emerge from the coupling of electric (E = (Ex, Ey, Ez)) and
1French original: ’Enfin, lorsque certaines causes produisent certains effets, les éléments de symétrie
des causes doivent se retrouver dans les effets produits.’, see [3].
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3 Magnetoelectric Effect

magnetic (H = (Hx, Hy, Hz)) fields in a material’s free energy, given in its most general
form as

F(E,H) = F0 − P s
iEi −M s

iHi − 1
2
ε0εijEiEj − 1

2
µ0µijHiHj (3.1)

−αijEiHj − 1
2
βijkEiHjHk − 1

2
γijkHiEjEk − ... ,

where P s (M s) represents the spontaneous polarization (magnetization), ε0 (µ0) and ε
(µ) is the dielectric permittivity (magnetic permeability) of vacuum and the material,
respectively, and the indices i, j, k denote the summation over the three spacial coor-
dinates. In most of the cases, considering a specific compound simplifies this general
expression by neglecting the terms that are prohibited by the material symmetry. The
electric polarization and magnetization can be deduced by differentiating the free energy
with respect to the electric and magnetic field, respectively:

Pi(E,H) = −∂F(E,H)

∂Ei

= P s
i + ε0εijEj + αijHj +

1

2
βijkHjHk + γijkHiEj ... (3.2)

Mi(E,H) = −∂F(E,H)

∂Hi

= M s
i + µ0µijHj + αijEi + βijkEiHj +

1

2
γijkEjEk ... (3.3)

Here we only included the first higher order magnetoelectric terms (βijk, γijk), while we
left out the third rank tensors for the purely electrically induced polarization (F3,E =
1/6 δijkEiEjEk) and magnetically induced magnetization (F3,H = 1/6 ηijkHiHjHk) of
the same order and all higher orders (e.g. dijklEiEjHkHl, where dijkl is a fourth rank
tensor).

3.1.1 Linear Magnetoelectric Effect

In most of the experimentally investigated MEEs, the linear coupling dominates and
therefore allows for neglecting the higher order terms (the magnetoelectric susceptibility
is then often replaced by the dimensionless susceptibility χME

ij = cαij, where c is the
speed of light). With this approximation the magnitude of the change in polarization by
a magnetic field compared to the complementary effect can be estimated, via

∆Pi = αijHj (3.4)

∆Mj =
1

µ0

αijEi . (3.5)
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For example an α = 10psm−1 (corresponds to χ ≈ 3 · 10−3) would result for an applied
magnetic field of µ0H = 1T in a polarization of P ≈ 8µCm−2, which is quite easy to
measure with a voltmeter and samples of reasonable size, whereas a rather strong electric
field of 1000V/mm would only lead to an induced magnetization of µ0∆M = 0.01mT,
which calls for experiments with magnetometers with a considerable sensitivity (e.g.
SQUID magnetometers). The symmetry of the linear MEE (equal coupling between
magnetically induced polarization ∆Pi(Hj) ∝ αij and electrically induced magnetization
∆Mj(Ei) ∝ αij) follows from the symmetry of second derivatives, which applies to the
twice differentiable free energy F (equation 3.1).
From Curie’s first prediction of the MEE on, symmetry considerations were the main

drivers for finding magnetoelectric compounds. The first symmetry requirement for a
linear MEE is the lack of an inversion center, which limits the candidates of linear mag-
netoelectric materials to non-centrosymmetric compounds or a breaking of the inversion
symmetry, for example by a spin ordering, as in the case of the antiferromagnetic Cr2O3.
Explaining the need for this requirement, offers an opportunity to demonstrate Curie’s
principle: the separation of electric charges (which is achieved in the MEE by an applied
magnetic field) is a non-centrosymmetric effect, i.e. no inversion center can be found
that leaves the constellation untouched. If an inversion center could be found and de-
fined with the coordinates (0, 0, 0) there would be for each charge at the coordinates
(x, y, z) an identical charge at (−x,−y,−z), which would contradict the emergence of
charge separation. Using now Curie’s principle, it can be concluded that the causes for
this non-centrosymmetric effect have to be non-centrosymmetric as well, and can be
found for example in the broken spatial inversion symmetry of the crystal structure. As
mentioned above, Landau and Lifshitz found the necessity of breaking the time-reversal
symmetry to allow for a linear MEE. This can be achieved externally by applying a
magnetic field or by moving the sample. The latter was actually shown already in 1888
by Wilhelm Röntgen [2], more than 70 years before the finding of the intrinsic MEE, by
the observation of a magnetization that arose in a moving dielectric placed in an electric
field. The experiment consisted of a glass disc rotating between two capacitor plates,
while the movement of a magnetic needle placed closely above the upper plate was ob-
served with an optical setup. Opposing to this extrinsic breaking of the time-reversal
symmetry, the intrinsic breaking of this symmetry is achieved in Cr2O3 by the presence
of the spontaneous long-range magnetic order in the material.
However, after the first experimental confirmation of the magnetoelectric effect the

interest in this physical phenomenon grew sparse over several decades: the search for
new compounds turned out to be complicated and the effect in the first investigated
compounds was too weak (Cr2O3: α ≈ 4 psm−1) to be of any use for promising appli-
cations. Thin films of the ferrimagnetic material Yttrium Iron Garnet (YIG), which are
investigated in this thesis in respect to the emergence of magnetic superradiance, also
exhibit a considerably strong magnetoelectric effect [14] with a linear magnetoelectric
susceptibility of α ≈ 30 psm−1 [15] and higher order contributions [16]. Only in the
recent years, several compounds surpassed the value of α > 100 psm−1, like compounds
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of the M2Mo3O8 (M = transition ion) [17] or the RMnO3 [18] crystal families. The
largest linear MEE is considered to be exhibited by TbPO4 at low temperatures [19],
with α = 730psm−1 [10].
The upper bound serves as a tool for the efficient search for materials that exhibit a

strong linear MEE. It was first calculated for the dimensionless magnetoelectric suscep-
tibility to be χME

ij <
√
εiiµjj [20] and later refined by an approximation for materials

with localized permanent magnetic moments [21] to satisfy

χME
ij <

√
χEiiχ

M
jj , (3.6)

with the electric and magnetic susceptibility

χEij = εij − 1 and χMij = µij − 1 , (3.7)

respectively.

3.1.2 Higher Order Magnetoelectric Effects

Compared to the vast amount of publications about the linear magnetoelectric effect,
the observations of higher order effects are reported much more rarely, even though the
symmetry requirements are less strict and allow for example a bi-linear MEE in non-
centrosymmetric magnets with an intact time-reversal symmetry [22], as we will see in
the following. The first measurement of a so-called ’paramagnetoelectric effect’, emerg-
ing from a non-zero βijk, which leads to a term in the free energy proportional to EHH
(’EHH magnetoelectric effect’), was reported in NiSO4·H2O in 1965 [23] and is consid-
ered to be the most thoroughly investigated higher order MEE [9]. Similar quadratic
magnetoelectric effects were reported for example in BiFeO3 [24] or Pb(Fe1/2Nb1/2)O3

[25].
A second order2 MEE emerging from a non-zero γijk (giving rise to a non-zero term

in F ∝ HEE, which will be denoted therefore as ’HEE magnetoelectric effect’) was
measured in yttrium iron garnet [14; 16], which can be described as a magnetic field
dependent electric susceptibility [27].
As discussed above, the linear MEE is only permitted in media with certain symmetry

requirements that can be described by a subgroup of 58 magnetic point groups (out
of the total 122 Shubnikov groups [28]). However, the symmetry requirements for the
second order MEE are somewhat different. In general the EHH magnetoelectric effect
is permitted in the 66 Shubnikov groups, which also allow for the piezoelectric effect
(coupling between mechanical stress and electric polarization in certain materials [29]),

2In the literature the notation of ’second order’ magnetoelectric effects is used inconsistently. In this
thesis we will denote with ’second order’ MEE those effects that arise from non-zero third rank
magnetoelectric susceptibilities (e.g. βijk). Consequently ’third order’ MEE are connected to ME
susceptibilities of the fourth rank (e.g. πijkl). This nomenclature is consistent with [26].
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while the HEE magnetoelectric effect is possible in the 66 piezomagnetic (see e.g. [30])
crystal classes [16]. In other words, the EHH magnetoelectric effect is allowed in time
symmetric media, while the spatial symmetry still has to be broken. On the other hand,
the necessity for a broken time symmetry remains intact for the HEE magnetoelectric
effect, but it is allowed in centrosymmetric materials.

The third rank tensors for the higher order ME susceptibilities in equation (3.1) has
to be symmetric in the last two components, leading for example for the tensor of the
EHH term in the free energy to

1

2
βijkEiHjHk =

1

2
βikjEiHkHj , (3.8)

which reduces the number of independent components of βijk (and similarly of γijk)
from 27 to only 18 components, as argued by [10], and is therefore often replaced by
only two indices, e.g. βiν could replace βijk, where ν takes on the values from 1 to 6,
which represents the combinations jk = 11, 22, 33, 12, 13, 23.

Even magnetoelectric effects above the third order (see footnote 2) were already elab-
orated in the 1960’s in the form of the piezomagnetoelectric effect [31; 32], where the
stress tensor σij is considered in the free energy

F(E,H, σ)π = −πijklEiHjσkl (3.9)

leads to an expansion of equation (3.2) by a term

P π
i = −∂F

π

∂Ei
= πijklHjσkl , (3.10)

where πijkl is the piezomagnetoelectric tensor.

In a similar way, the tensor dijkl was considered in the measurement of a third order
MEE in a spin glass system (Sr0.98Mn0.02TiO3) [33], giving similar equations:

F(E,H)d = −1

2
dijklEiEjHkHl , (3.11)

P d
i = −∂F

d

∂Ei
= dijklEjHkHl . (3.12)

Even though the higher order MEE is often dominated by the linear contribution, cases
of a considerably strong higher order effect are known, as reported in the recently studied
holmium hexaborate HoAl3(BO3)4, with a magnetically induced electric polarization of
3600µCm−2 at an applied field of 70 kOe [34], which is much larger than the polarization
induced by comparable field strengths of linear magnetoelectrics. Another strong higher
order MEE will be presented in Fig. 5.4 and discussed in Chapter 5.

19



3 Magnetoelectric Effect

3.1.3 Microscopic Mechanism

An overview about possible microscopic theories of the linear magnetoelectric effect is
given in [35]. The mechanisms that can induce a change of the magnetic properties
of a compound by an applied electric field are discussed with respect to the possible
interactions.

Single-Ion Anisotropy

The direction of the spins of an ion in a crystal depends on the magnetic field and the
single-ion anisotropy. The latter provides the direction of the easy axis or easy plane,
i.e. the preferable direction of the spins, while the magnitude of the anisotropy is a
measure for how strong this preference is. In many cases, the spins are assumed as
’Ising-spins’, which means that they are either parallel or antiparallel to the easy axis.
This approximation is feasible, when the single-ion anisotropy is large (� |B|). In this
so-called ’Ising-limit’ the MEE can only occur, if the direction of the easy axis changes,
which can happen when the electric field induces a change of the local symmetry by a
movement of the ions relative to their ligands. On the other hand, a vanishing single-ion
anisotropy leads to ’free spins’ without any preferred direction that can align parallel
to the magnetic field. The spin anisotropy energy for the i-th ion can be assumed to be
proportional to the second power of the effective spin moment (S)

Esingle
i ∝ (Sρi )2 , (3.13)

for the coordinates ρ = x, y, z. In general all even powers of spin operators have to
be considered (satisfying the time-reversal symmetry), but since in all magnetic point
groups, which allow for a MEE, the second order term is non-zero and dominates, this
approximation is sufficient [35].

Symmetric Superexchange

The orbital overlap of two neighboring magnetic ions influences the exchange integrals
and energies. However, more commonly the interaction of two magnetic ions is mediated
by a non-magnetic ion inbetween, which is the so-called ’superexchange’. In a symmetric
configuration this contribution takes on the form of

Esymm
ij ∝ rij(S

ρ
i S

ρ′

j + Sρ
′

i S
ρ
j ) , (3.14)

where rij = ri− rj is the distance between the two ions at ri and rj and ρ, ρ′ ∈ {x, y, z}.
An application of an electric field could induce a movement of cation and anion in
opposite directions and modify their electron wave function, which can cause a change
of the orbital overlap and equation (3.14). In this way the mechanism could give rise to
a MEE.
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Antisymmetric Superexchange

In crystals with low symmetry the superexchange configuration may not be symmetric,
e.g. the exchange interaction is mediated by a non-magnetic ion, which does not lie in the
center of the connecting line between the two magnetic ions. The antisymmetric exchange
is only allowed to be non-zero when the inversion symmetry of the bond direction is
broken, which can be achieved by polarizing or moving the ions relatively to the cell by
an external electric field. The superexchange term can be written as the antisymmetric
version of equation (3.14):

Eanti
ij ∝ rij(S

ρ
i S

ρ′

j − S
ρ′

i S
ρ
j ) . (3.15)

This contribution was elaborated by Dzyaloshinsky [36] and Moriya [37], hence the
prominent name ’Dzyaloshinsky-Moriya interaction’, and is considered to be substan-
tially weaker than the symmetric contribution. However, the absolute change of both
contribitutions by the described mechanisms might be of the same order of magnitude
[9].

Dipolar Interaction

The magnetic dipolar interaction is a long-range and rather weak interaction, which
is responsible for determining the domain size in ferromagnetic materials. However, a
considerable change of magnetic anisotropy might be induced in a piezoelectric material
by an applied electric field, when the distortion leads to a change of the magnetic dipol
fields by moving the magnetic ions in a nonuniform way. This interaction leads to a
contribution

Edipol
ij ∝ mimj

r3
ij

− 3(mirij)(mjrij)

r5
ij

(3.16)

including the magnetic dipole moment mi for the i-th ion [35].

Zeeman energy

The g-tensor (often simply denoted as g-factor) links the magnetic moment of a par-
ticle to its quantum angular momentum. In the case of an atom with a spin angular
momentum S and an orbital angular momentum L the g-factor takes on the form of
the Landé g-factor, gJ , which can be approximated with assuming the electron orbital
g-factor gL ≈ 1 and the electron spin g-factor gS ≈ 2 as:

gJ ≈
3

2
+
S(S + 1)− L(L+ 1)

2J(J + 1)
, (3.17)

where J = |J| (L, S are accordingly defined) with the total angular momentum J = L+S.
It determines the splitting ∆EZ of two degenerate energy levels of an atom in a magnetic
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field with strength B, i.e. the Zeeman effect

∆EZ = gJµBB , (3.18)

where µB is the Bohr magneton.
Even though the g-tensor can be assumed to be isotropic whenever the spin-orbit

coupling can be neglected, it is anisotropic in the general case and depends on the
wave functions of the ground states, which are determined by the local symmetry of
the magnetic ions. An applied electric field can modify the wave functions, in the sense
of displacing the electrons from the equilibrium position around the core, which leads
to a change of orbital momentum. This effect of an induced change of the local crystal
symmetry would result in a change of the g-tensor due its described definition. The
contribution of this interaction is proportional to the local or applied magnetic field B:

EZeeman
i ∝ Bρgρρ

′

i Sρ
′

i . (3.19)

This effect is responsible for one of the strongest linear MEE, as measured in TbPO4

[19].

3.1.4 Magnetoelectric Multiferroics

Multiferroics are defined as materials that show more than one ’ferroic’ property in the
same phase [38]. Those properties are ferroelasticity, ferrotoroidicity, ferroelectricity and
ferromagnetism, which is usually expanded by antiferromagnetism (and ferrimagnetism).
This combination of properties can give rise to a coupling between both ferroic orders in
such a way, that the field associated with one ferroic property can influence or control
the second ferroic property. For the presented work, the most interesting subgroup of
multiferroics are magnetoelectric multiferroics, which are again a subgroup of magneto-
electric materials, as discussed above, and combine (anti-)ferromagnetic ordering with
ferroelectric properties. However, it should be noted that magnetoelectric multiferroics
can only be understood as a subgroup of magnetoelectrics in the presented definitions of
the notions, as pointed out in [39]. Deviating definitions of ’multiferroics’, were antifer-
romagnetism and -electricity are excluded, and ’magnetoelectrics’, which are sometimes
restricted to materials that exhibit the linear magnetoelectric effect (αij 6= 0), exist in
literature.
The combinations of (anti-)ferromagnetic and (anti-)ferroelectric properties attracted

much scientific attention, as recently discussed in [12], due to the associated promis-
ing applications, e.g. magnetoelectric memory [40]. Moreover, novel phenomena were
observed in multiferroics, like coupled magnetoelectric excitations, so-called ’electro-
magnons’, which were first observed in rare-earth manganites RMnO3 (R = Rare earth)
[41], electric conductivity in multiferroic domain walls [42], the optical magnetoelectric
effect, or nonreciprocal directional dichroism, as observed for example in GaFeO3 [43]
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and many more [11]. The most studied magnetoelectric multiferroic is BiFeO3, which ex-
ceptional nature arises, among other intriguing features, from a reported large remanent
polarization of ≈ 55µC/cm2 in the ferroelectric hysteresis loops and ferroelectric and
antiferromagnetic order well above room temperature in thin film heterostructures [44].
While the magnetism in bismuth ferrite originates from d-electrons, some multiferroics
based on f -electron magnetism are known, like Eu0.5Ba0.5TiO3 [45]. As an additional ap-
proach in the search for new multiferroics, composite materials of two individual ferroic
compounds were created and investigated, which allow for the same coupling and effects
as conventional magnetoelectric multiferroics. Examples for such a composite multifer-
roic is the combination of the ferroelectric BaTiO3 with the magnetic CoFe2O4 [46],
the multilayer LuFeO3/LuFe2O4 [47] and many more are discussed in recent reviews
[9; 12; 48].

3.1.5 Applications
The investigation of magnetoelectric materials and especially magnetoelectric multi-
ferroics is driven by the prospect of potential applications (e.g. [11]), and is focused
on microelectronic devices [12]. Additionally, it should be mentioned that especially in
the early years the research of the MEE was supported by the outlook of promising
applications in basic research, e.g. for determining magnetic symmetries or observing
antiferromagnetic domains [38].
One of the most prominent examples is the use of the voltage-control of the mag-

netization to build a magnetoelectric random access memory (MERAM), which can
combine the advantages of ferroelectric RAM (ultrafast electrical write-operation) with
magnetic RAM (non-destructive read-operation), as proposed in [40]. A short and sim-
plified description of the disadvantages of conventional magnetic memories and conven-
tional random access memories can illustrate the motivation behind the development of
magnetoelectric RAM, as follows. Magnetic storage devices are based on a simple mech-
anism: The binary information is stored on a magnetized medium by translating a ’0’
into one direction of magnetization and a ’1’ into the opposite direction. Recording data
is therefore achieved by applying a magnetic field focused at the position of the bit. The
recording or reading over several bits is usually implemented mechanically. The mechan-
ical movement limits the speed, which is the main disadvantage of such storage devices.
Faster recording and saving sequences can be achieved by storing the data electrically
on random access memory. In such devices the data does not have to be recorded and
read out in a certain order, hence the name ’random access’, and the processing speed
is not limited by mechanical components. The data is stored on capacitors, which have
to be refreshed constantly to prevent loosing the data due to a slow discharge. There-
fore this type of memory is considered a volatile storage device; when the power supply
is switched off, all data is lost. A possible combination of the non-volatility of mag-
netic memories with the high speed that arises from electrically adressing the storage
in a ’random access-type’ memory is the main advantage of memory devices based on
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magnetoelectric multiferroics. Even though the same is already achieved with different
technologies (e.g. floating gate MOSFET), the imaginable information density that can
be reached with the development of a MERAM is still promising for intriguing benefits.
In fact, recent reports show a noteworthy progress in engineering such a device [49].

Other technological implementations that are already remarkably advanced on the
path to practical applications, reach from weak magnetic field detection (e.g. [50]) to
voltage-controlled phase shifters in the sub-THz frequency regime (e.g. [51]). Further
ideas are discussed in several reviews [9; 11; 12; 39], including voltage-tunable magne-
toresistance, electric field-tunable microwave signal processing, spin-wave generation and
many more.

3.2 Theory of the Magnetoelectric Effect in Rare-Earth
Ferroborates

Rare-earth ferroborates attracted first scientific attention around the turn of the cen-
tury due to their promising optical features, which are especially interesting for optical
applications [52], and unusual magnetic properties [53]. First experimental observations
of a magnetoelectric effect were made in GdFe3(BO3)4 in 2005 [7], which lead to further
publications about measurements of the magnetoelectric nature of different rare-earth
ferroborate compounds (e.g. [54]) and the modeling of the magnetoelectric effect [6] in
this magnetically rather complex system. The particular interest in this material group
arises from the peculiarly strong MEE and the unusual combination of two single-ions
mechanisms behind it.

Rare-earth ferroborates (general formula: RFe3(BO3)4; R = rare-earth ion) belong to
the hexagonal R32 space group; rhombohedral with a threefold and a twofold symmetry
axis perpendicular to each other. The magnetic properties emerge from the Fe3+ and
R3+ subsystems, which are coupled by exchange-interaction. The iron ions order below
the Néel temperature (TN ≈ 32K for SmFe3(BO3)4 and in the same range for the other
compounds) into two subsystems with magnetization M1 and M2. The rare-earth ions
are split in the same way into two sublattices (q = 1, 2), which are assumed to be coupled
by the exchange interaction mostly to the Fe3+ subsystemM1 andM2, respectively. This
leads to a total effective magnetic field at the rare-earth sites

hq = H + λMq , (3.20)

in an external magnetic field H, where λ is the constant of the molecular field of the iron
sublattices. This expression is expanded to account for the antiferromagnetic ordering of
the iron sublattices and their saturation at a field Hsat ≈ 106 Oe, leading to an effective
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magnetic field

hq =

(
Hmol

Hsat

)
Hex + (−1)qHmol

√
1−

(
H

Hsat

)2

ey , (3.21)

when the external field is applied along the a-axis. Here the strength of the molecular
field Hmol = λMq was extracted to be Hmol = 50 kOe for R = Nd ferroborate [55]. For
R = Sm ferroborate it was estimated to be Hmol = 330 kOe [6].
In the rare-earth ions the magnetism arises from the 4f -electrons, which energy lev-

els are degenerate in free space. However, assuming a rare-earth ion in a crystal, this
degeneracy may be split by the electronic surrounding. This influence of the charge dis-
tribution on the magnetic ion is described by the crystal field Hamiltonian HCF, which
takes on the general form

HCF =
∑
tτk

Bt
τCtτ (k) , (3.22)

where k is the wave vector, Bt
τ are the crystal field parameters, which are usually deter-

mined by symmetry considerations and experimental techniques (e.g polarized absorp-
tion spectroscopy) and Ctτ (k) are the single-electron irreducible tensor operators, which
describe the electron orbital configuration and are defined by the Laplace spherical har-
monics3 Y t

τ

Ctτ (k) =

√
4π

2t+ 1
Y t
τ (θ, φ) , (3.23)

which are defined as

Y t
τ (θ, φ) =

√
(τ − t)!
(τ + t)!

P t
τ (cosθ)e

itφ (3.24)

were k is replaced by the two angles θ and φ and the associated Legendre polynomials
of the order τ and the power t are given as4

P t
τ (x) = (−1)t(1− x2)t/2

dt

dxt
(Pτ (x)) , (3.25)

where Pτ (x) are the Legendre polynomials of order τ . The non-zero crystal field param-
eters can be identified by considering the symmetry of the rare-earth sites, which are
characterized by the D3 symmetry around the crystallographic c-axis (in the Cartesian
system z), which leaves us with

HCF = B2
0C2

0 +B4
0C4

0 +B6
0C6

0 + iB4
−3(C4

−3 +C4
3) + iB6

−3(C6
−3 +C6

−3) +B6
6(C6

6 +C6
−6) . (3.26)

3In the literature the indices lm are used more commonly. The notation tτ is used in consistency with
[6] to prevent a confusion with the quantum numbers l and m.

4For the sake of simplicity, we only give the polynomials for τ ≥ 0.
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As discussed previously, the magnetic field and temperature dependence of the elec-
trical polarization is derived by considering the free energy, which emerges from the
Hamiltonian describing the system. The complete derivation is rather complex and can
be found in [6]. We will give here the final expressions for the electric polarization along
the two in-plane axes x, y:

Px = QgJµB

∑
q=1,2

hqχ(hq, T )(C1(γ2
qy − γ2

qx)− C2γqyγqz) (3.27)

Py = QgJµB

∑
q=1,2

hqχ(hq, T )(2C1γqxγqy + C2γqxγqz) . (3.28)

Here Q is a constant, depending on the number of rare-earth ions and the distribution
of energy levels of their electronic configuration; hq is the absolute value of the effective
magnetic field, which is given by Eq. (3.20); C1,2 are two constants, which are calculated
to be C1 = 4.92 and C2 = 7.09 for samarium ferroborate; γqα are the three components
(α = x, y, z) of the unit vector along the effective magnetic field hq/hq; and finally the
Brillouin function

χ(hq, T ) =
1

∆q

tanh

(
gJµBhq
kBT

∆q

)
, (3.29)

where the dimensionless anisotropy factor is given as

∆q =
√
g2
‖γ

2
q‖ + g2

⊥γ
2
q⊥ . (3.30)

Here the magnetic spectroscopic factors for SmFe3(BO3)4 are g‖ = 0.379 and g⊥ = 1.441,
where ‖,⊥ denotes the components along and perpendicular to the c-axis, respectively.
Unfortunately, the origin of these values is not indicated in [6].
Eq. (3.27) is used for fitting the high-field behavior of the magnetically induced po-

larization in samarium ferroborate, as seen in Fig. 4.3 and explained in Chapter 4.1.
The presented approximation does not account for a magnetically induced polarization

along the crystallographic c-direction, due to neglecting higher order terms in the applied
perturbation theory [6].

3.3 Summary

The magnetoelectric effect is the coupling of magnetic and electric properties in a solid.
In the linear magnetoelectric effect the electrically induced magnetization is proportional
to the applied electric field and vice versa. Higher orders, however, can lead to a more
complex proportionality. The possible microscopic mechanisms that can lead to these ef-
fects span from the interaction of magnetic ions to a change of the single-ion anisotropy.
Research for magnetoelectric materials attracted scientific interest throughout the past
decades and offers the realization of many intriguing potential applications in microelec-
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tronics. The presented theory of the magnetoelectric effect in rare-earth ferroborates is
applied in the next chapter for SmFe3(BO3)4.
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4 Magnetoelectric Effect in Samarium
Ferroborate

As discussed in Chapter 3, rare-earth iron borates attracted much scientific attention
due to the discovery of a strong magnetoelectric effect, which is already extensively
studied and well described by a quantum theory [6], as outlined in Chapter 3.2. Never-
theless, we were able to contribute to this field of research by two sets of measurement
on SmFe3(BO3)4. Firstly, our measurements provided new insights into the high-field
behavior of the magnetically induced electric polarization along the crystal’s a-axis, Pa,
by an in-plane magnetic field. The experimental determination of the g-factor of the
samarium ions in this system is noteworthy, since the values reported in literature are
inconsistent (e.g. [6; 56]). Difficulties in determining the samarium g-factor arise from its
rather small value. However, we present a method to accurately determine the g-factor
with an error of only about one percent. Secondly, we observed an induced electric po-
larization along the crystallographic c-axis, Pc, corresponding to a MEE of the sixth
order.

4.1 High-Field Magnetoelectric Effect
The measurement of the high-field magnetoelectric effect in [54] reveals not only a sat-
uration of Pa for small magnetic fields along a- and b-axis, but also shows a decrease at
fields above 5T, which is accounted for in the theory by modifying the effective magnetic
field (Eq. 3.21) with the introduced Fe-Sm molecular field of the strengthHmol = 330 kOe
[6]. However, theory and experiment did not show a perfect agreement and called for
further investigations. Unfortunately, the origin of the chosen molecular field strength
within [6] remains unclear and we will show that the actual value has to be modified.
With this newly determined Hmol, the g-factor of the samarium-ions in this system can
be calculated, based on the optically obtained value for the splitting of the ground state
of ∆ = 13.2 cm−1 [57]. The g-factor that will be determined in the following is more
accurate than the strongly varying literature values ([6]: ≈ 0.412, [56]: ≈ 0.679). In this
section we only deal with the ⊥-component of the g-factor (see Chapter 3.2).
We extend the discussed observations with measurements in a PPMS with static

magnetic fields along the crystal’s b-axis of up to 14T (Chapter 2.2) and in a pulsed
magnetic field with a strength of up to 56T, where the decrease in polarization becomes
more pronounced and thus gives additional data to determine the exact parameters Hmol
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Figure 4.1: Structure of SmFe3(BO3)4. The oxygen-ions coordinating the cations are
located at the corners of the polyhedra. Three different directions are shown:
a three dimensional view (bottom) and the a-cut (top left) and c-cut (top
right) directions. The compound consists of alternating layers of Sm-Fe and
B-O ions along the c-direction.
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Figure 4.2: Illustration of the coupling as described in Chapter 3.2 between the rare-
earth magnetic moments to the two magnetic iron subsystems M1 and M2.
This coupling is found to be antiferromagnetic [58]. However, the strength
of this coupling can vary strongly in the different compounds of the rare-
earth-ferroborate family. This simplified sketch demonstrates that the weakly
coupled neodymium moments cant into the direction of the applied field of
µ0H > 5T, while the antiferromagnetic coupling of the samarium moments
to the iron sublattices dominates for fields below � Hmol, which is deter-
mined in Table 4.1.
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4 Magnetoelectric Effect in Samarium Ferroborate

Figure 4.3: The electric polarization along the a-axis of SmFe3(BO3)4 induced by a
magnetic field along the crystal’s b∗-axis around 2K (PPMS, T=2.2K; HLD,
T=1.5K). Different parameters for describing the effective magnetic field in
Eq. (3.21) were used, as discussed in the text.

and Hsat, i.e. the field on which the iron ions saturate, for this system.
In Fig. 4.3 the high-field electrical polarization Pa induced by a static and pulsed mag-

netic field is shown and compared with different sets of parameters of the molecular field
Hmol and the saturation field Hsat. These parameters determine the effective magnetic
field on the rare-earth ions, as expressed in Eq. (3.21), and thereby the polarization along
the crystallographic a-axis (Eq. 3.25). It becomes evident that the parameters suggested
in [6] (Hmol = 330 kOe, Hsat ≈ 1MOe) are not suited to describe the experimentally
obtained magnetoelectric effect. To find a better set of parameters, we analyzed the
magnetization curves as published in [59], which can be extrapolated to estimate a value
for the saturation field of the iron-ions, i.e. the spin-flip field Hsat. The g-factor of the
Fe3+-ions is best approximated with the spin-only value gFe = 2 (e.g. [60]), the spin
moment is SFe = 5/2 and taking into account the three iron sites in the unit cell, the
saturation value of the magnetization can be assumed to be

Msat = 3gFeSFe = 15
µB

f.u.
. (4.1)

This extrapolates with a magnetization of 1 µB
f.u. at approximately 7.8T [59] to a satura-

tion field of Hsat ≈ 1.2MOe.
For a first assumption of the Fe-Sm molecular field, the splitting of the ground state

by ∆ = 13.2 cm−1, as obtained in [57], is taken into account. Namely, the degenerate
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4.1 High-Field Magnetoelectric Effect

ground state (Kramers doublet) of the Sm3+-ion is split by the local effective field of
the Fe ions. With a g-factor of samarium gSm equal to the Landé value gJ,Sm = 2/7 this
would correspond, related by the so-called Larmor presession, to a strength of

Hmol =
hc

gSmµBµ0

∆ ≈ 990 kOe , (4.2)

where h is the Planck constant.
Furthermore, the sign of the coupling between the samarium- and the iron-ions needs

to be considered. By studying the possible exchange paths between rare-earth and iron
ions, [58] concludes that the coupling is antiferromagnetic in gadolinium ferroborate.
This fits very well to the increase of the magnetization when admixing La-ions on the
Sm-sites [59], indicating an antiferromagnetic coupling of Sm- and Fe3+-ions. This can be
considered in the effective magnetic field by an opposite sign of Hmol and Hsat. However,
the set of parameters, which were estimated based on the literature, does not give a good
agreement between theory and experiment (orange curves in Fig. 4.3). The most likely
conclusion is that the molecular field Hmol is deviating from Eq. (4.2), because the Sm
g-factor differs from the Landé value gSm 6= 2/7 and the value of 0.412 as assumed in [6].
Therefore, we extract its actual value by fitting our data with a fixed spin-flip field and
a fixed splitting ∆. The result for the different theoretical curves, as shown in Fig. 4.3
are given in Table 4.1, including the refined value of the samarium g-factor of ≈ 0.39,
which is substantially larger than the originally assumed value (gJ,Sm = 2/7 ≈ 0.29).
The error in the fit is considerably small and only of about 1%. The experimental error
is also small, since only relative field strengths play a role in this analysis. Therefore we
can conclude that the presented value of gSm is accurate and can replace the strongly
varying literature values.

[6] [57] & [59] Fit
∆ 6.3 cm−1 13.2 cm−1 13.2 cm−1

gSm 0.412 2/7 0.388
Hmol 330kOe 990kOe 730 kOe
Hsat 1MOe 1.2MOe 1.2MOe

Table 4.1: Different parameters for fitting the electrical polarization Pa induced by a
high magnetic field. Bold values were fixed, based on literature values and
estimations, as discussed in the text. The value of ∆ in the first column is
derived in accordance to the values given for gSm and Hmol in [6]. The Sm-Fe
molecular field Hmol depends on the samarium g-factor gSm and its splitting
∆, which is fixed to 13.2 cm−1 for the last two columns. In the last column
the molecular field was fitted (blue) to estimate the actual g-factor.
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4.2 Induced Polarization along the c-axis
So far only the magnetoelectric effect with an electric polarization along the a-axis
of rare-earth ferroborates has been reported in the literature. Nevertheless, a possible
occurance of a magnetically induced Pc is already mentioned in [6]. Here we report the
experimental observation of this higher order MEE and show that it satisfies a simple
phenomenological model, based solely on symmetry arguments. The observed effect is
very similar to the MEE in HoxLa3−xGa5SiO14, which will be discussed in Chapter 5,
where a microscopic model is developed. However, the simple symmetry-based model is
sufficient to provide a first explanation of the effect in SmFe3(BO3)4.
The similarity of the MEE in both compound families can be understood by the two

different space groups, which share an important feature: in space group P321 (langa-
sites) and R32 (ferroborates) the threefold c-axis and the twofold symmetry axis per-
pendicular to c are present. Therefore it can already be concluded that any polarization
along the threefold axis induced by a magnetic field, which is rotated in the ab-plane
has to satisfy at least a sixfold symmetry, which emerges from the crystal’s (threefold)
and the time reversal symmetry of the electric polarization (twofold). Due to the twofold
symmetry axis along a, no Pc can be expected when the magnetic field is applied along
the main crystallographic axes a, b, c. Therefore the magnetic field was rotated in steps
of 5◦ in the ab-plane to search for this higher order magnetoelectric effect. And indeed
we were able to experimentally obtain an electric polarization along the crystal’s c-axis,
as shown in Fig. 4.4.
However, the polarization is so small that it is likely dominated from a stray polar-

ization along the a-axis, since Pa is already for rather low fields in the range of several
hundred µCm−2. To remove this distortion of the signal, the twofold symmetry of Pa
was used, which emerges when the magnetic field is rotated in the ab-plane. Therefore
the Pc was extracted by subtracting the angular dependence with a sin(2φ) fit. We were
able to show (Fig. 4.5) that the resulting polarization along the c-axis convincingly sat-
isfies the expected sixfold symmetry, as argued above. It is noteworthy that the values
of Pc decrease for larger fields. This cannot be explained by the presented simple model
and, therefore, calls for an approach considering the microscopic magnetic structure of
SmFe3(BO3)4.

4.3 Summary
In this Chapter, we successfully refined the theory of the magnetoelectric effect in rare-
earth ferroborates [6]. With the literature values for the splitting of the lowest lying
doublet, ∆, and the saturation field, Hsat, we extracted the molecular field, Hmol, by
fitting the high-field magnetoelectric effect. This lead to an accurate determination of
the samarium g-factor. Furthermore, we were able to show the presence of a higher-order
MEE for Pc.
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Figure 4.4: The electric polarization along the c-axis of SmFe3(BO3)4 induced by a
magnetic field applied in the ab-plane with an angle of 15◦ (solid) and 75◦
(dashed) to the a-axis, respectively. The angular dependence were extracted
from these and further measurements by reading out the polarization at
different temperatures (color) and different fields (2T and 14T) and are
analyzed in Fig. 4.5.
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Figure 4.5: Analysis of the electric polarization along the c-axis induced by magnetic
fields rotated in the crystal’s ab-plane for different temperatures at a fixed
magnetic field (left) and different field strengths at a fixed temperature
(right), respectively. The theoretical lines (dashed) are simple fits with sine
curves. The residual ∆Pc (bottom) is the difference of the experimental curve
(top) and the corresponding fit.
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5 Magnetic Properties and the
Magnetoelectric Effect in
Ho-Langasite

The finding of a puzzling combination of a linear and a higher order MEE in holmium-
doped langasite [61] motivated a thorough investigation of the magnetic properties of
this compound. The main features of the dependence of the induced electric polariza-
tion on the magnetic field vector can be explained by a simple phenomenological model,
which will be introduced in Chapter 5.1. However, no perfect agreement with the low-
temperature magnetoelectric effect and magnetization curves is achieved and further
inconsistencies are revealed by measurements of the angular dependence of the mag-
netization and the magnetic torque, as presented in Chapter 5.2. Therefore the first
approximation will be extended in Chapter 5.2 by taking into account a more complex
magnetic structure. These studies led to the unexpected discovery of the magnetic field
sensitivity of a strong low-frequency phonon, which exhibits some sensitivity to magnetic
fields, as discussed in Chapter 5.3.

5.1 Simple Phenomenological Model of the
Magnetoelectric Effect

We present the experimental study of the holmium-doped langasite HoxLa3−xGa5SiO14,
which exhibits a puzzling combination of linear and highly non-linear magnetoelectric
responses in the disordered paramagnetic state, as published in [61]. While the mag-
netic field scans of the electric polarization show quasi-linear dependence, the induced
polarization oscillates six times upon the rotation of the magnetic field vector. Even
though straightforward symmetry considerations are sufficient to qualitatively describe
the observed angular dependence, a derivation of the phenomenological Hamiltonian
based on the microscopical mechanisms is necessary, to be able to explain the obtained
combination of a linear and higher-order MEE.

5.1.1 Holmium Langasite
Langasite, La3Ga5SiO14, and related compounds were first synthesized in the 1980s in
Russia and actively studied since then for a wide range of interesting properties, as their
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Figure 5.1: The structure of rare-earth langasite with the general formula R3Ga5SiO14

(a) and iron containing langasite with the general formula A3BFe3D2O14

(b). The lines illustrate the antiferromagnetic interactions that give rise to a
geometric frustration of the rare-earth ions on the distorted kagomé lattice
(left) and the iron ions on the triangle lattice (right).

non-linear optical, elastic and piezoelectric properties [62; 63], and associated applica-
tions, with early implementation as surface and bulk acoustic wave filters [64]. Various
high-temperature piezoelectric applications, including gas sensoring and deposition rate
monitoring for vapor-phase deposition, were suggested for bulk acoustic wave resonators,
which can operate at up to 900 ◦C [65] or further high-temperature applications, like
sensoring pressure, force and acceleration [66]. The recent progress in electro-optical
applications is also noteworthy, as reported for example in [67; 68].
The compounds of the langasite family belong to the non-centrosymmetric crystal-

lographic space group P321, which allows for optical rotation and piezoelectricity, but
not for spontaneous electric polarization due to the presence of orthogonal threefold and
twofold symmetry axes, which can easily be identified in the structure [69; 70], visualized
in Fig. 5.1.
The study of magnetoelectric properties was focused on Fe-substituted langasites (gen-

eral formula: A3BFe3D2O14, where A, B, D denote the three substitutable cation sites)
showing non-collinear periodically modulated orders of Fe-spins [71]. The interplay be-
tween magnetic frustration, structural and spin chiralities gives rise to a rich variety of
multiferroic behaviors in these compounds [72; 73]. The magnetic frustration does not
only play a role in the Fe-langasite, where the antiferromagnetically interacting Fe3+-
ions lie on the three corners of an equilateral triangle in the crystallographic ab-plane, as
visualized in Fig. 5.1b, but also in rare-earth langasites, where the magnetic ions form
in the ab-plane a distorted kagomé lattice [70], i.e. corner sharing triangles (Fig. 5.1a),
which can give rise to exotic low temperature effects like a spin-liquid phase [74; 75].
However, in the compound that this work is focused on, the rare-earth site is mostly
occupied by non-magnetic ions (La) and only a small percentage of magnetic ions (Ho),
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lifting the geometric frustration.
The investigated samples are single crystals of magnetically diluted holmium langa-

site: HoxLa3−xGa5SiO14, with x = 0.043 ± 0.005, which were grown by the Czochralski
technique. For the electric polarization experiments a plane-parallel plate with thickness
d = 2.13mm and area A = 106mm2 has been cut with the flat surfaces of the sample
parallel to the ab-plane. Additional samples of smaller size were used for the preliminary
VSM measurements, originating from the same batch. The crystals were proven to be
right-handed single domain [64; 69], which is likely a result of the growth procedure. This
was confirmed by obtaining a homogeneous polarization rotation of about 5◦ for green
light along the crystallographic c-axis for the described sample, which is in reasonable
agreement with the literature data [76].
Within the unit cell of Ho-langasite there are three equivalent rare-earth positions

(R=La, Ho) with a rather low C2-symmetry along the a-axis of the crystal, allowing for
electric dipole moments on R-sites, which in the case of magnetic Ho-ions can depend
on an applied magnetic field. The electronic configuration of the Ho3+-ions is 4f 10 and
the ground state is 5I8.
The local axes are denoted with X̂i, Ŷi, Ẑi for the three sites, distinguished by i =

1, 2, 3, with local C2-symmetry axes along Ẑi, which are related by 120◦-rotations around
the crystallographic c-axis (C3 symmetry axis). For i = 1 the axes are chosen in such
a way that the following relation between the unit vectors in the hexagonal (a, b∗, c),
Cartesian (x, y, z) and the three local frames holds:

Ẑ1 = â = x̂,

X̂1 = b̂∗ = ŷ,

Ŷ1 = ĉ = ẑ.

(5.1)

On all three sites Ŷi = (0, 0, 1) in the Cartesian coordinates, Ẑ2,3 = (−1
2
,±
√

3
2
, 0) and

X̂2,3 = (∓
√

3
2
,−1

2
, 0).

5.1.2 Magnetization

The Ho-doped langasite is paramagnetic and does not order down to the lowest tempera-
tures. However, the magnetization saturates already at fields ≈ 1T at low temperatures,
inducing a long-range order. These small saturation fields suggest that the magnetism
of the Ho3+-ions is dominated by the two lowest-energy levels split by the crystal field
from the other states of the J = 8 multiplet. The level splitting ∆ in this so-called
non-Kramers doublet1 is estimated to be 3.1K. A more accurate value is extracted by
quasi-optical measurements of the paramagnetic resonance (Chapter 5.2.5) and will be
implemented in the expansion of the presented model in Chapter 5.2. The magnetic
moments of the Ho-ions are assumed to be of Ising-type. The magnetic field dependence

1Ho3+ has an even number of f -electrons and is therefore considered a non-Kramers ion.
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Figure 5.2: Magnetization curves as obtained in a vibrating sample magnetometer along
the main crystallographic axis (dots) at a temperature of 5K. The magne-
tization for H ‖ a (left) was separated from the two other axes for the sake
of clarity. The derivation of the theoretical curves (lines) is explained in the
text.
Inset: Visualization of the magnetic moments on the three equivalent Ho-
sites in the unit cell, as assumed for developing the model.
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5.1 Simple Phenomenological Model of the Magnetoelectric Effect

of the magnetization along the main crystallographic axes are shown in Fig. 5.2. As
discussed below, due to the C2-symmetry at the Ho-sites, only two options are consid-
ered for the direction of the magnetic moments: either parallel or perpendicular to the
local Ẑi-axes. Since a non-zero magnetization was obtained along the crystallographic
c-direction, the moments are assumed to lie within the X̂iŶi-plane, with an angle γ ≈ 30◦

with the crystallographic c-axis fitting the magnetization data the best. γ is the only free
magnetic anisotropy parameter in our model that reproduces well the field dependence
of the magnetization along the b∗- and c-axes (see Fig. 5.2), but underestimates the
magnetization for H‖a, which is indicative of deviations of the magnetic moments from
the XiYi-plane (see discussion below). However, a different approach for the magnetic
anisotropy will be presented in Chapter 5.2.

5.1.3 Magnetoelectric Effect
Fig. 5.3 shows the angular dependence of the electric polarization along the c-axis, Pc,
for the magnetic field vector, H, rotated in the ac- and ab-planes. The complex angular
dependence is indicative of a high-order MEE resulting from the C3 symmetry of lang-
asite. Although the expansion of the magnetically-induced electric dipole of the Ho-ion
in powers of H begins with terms ∝ H2, the bilinear MEE is cancelled in the sum over
the dipole moments of the Ho-dopants in the three La sublattices.

The lowest-order phenomenological expression for Pc allowed by C3 and C2 symmetries
is

P (4)
z = a4(T )HxHz(H

2
x − 3H2

y ), (5.2)

where we use the Cartesian coordinates with x̂ = â, ŷ = b̂∗, ẑ = ĉ and a4(T ) is a
material constant. Fourth-order MEE in crystals with trigonal crystal symmetry have
been discussed earlier [55; 77; 78]. Eq. (5.2) implies that Pz ∝ sin2 θ sin 2θ cos 3ϕ, where
θ and ϕ are, respectively, the polar and azimuthal angles describing the magnetic field
direction. This angular dependence is in good agreement with the results of experimental
measurements at high temperatures shown in Fig. 5.3a, whereas at low temperatures the
experimental θ-dependence becomes more complex, indicating substantial higher-order
contributions to the MEE.
The fourth-order MEE described by Eq. (5.2) gives zero electric polarization for a

magnetic field in the basal ab-plane. However, the experimentally measured electric
polarization shown in Fig. 5.3b is of the same order as that for out-of-plane fields. The
electric polarization shows a periodic dependence on the azimuthal angle, ϕ, with the
period of 60◦ apparently resulting from a sixth-order MEE. The lowest-order expression
for the electric polarization induced by an in-plane magnetic field is, indeed, of sixth
order in H:

P (6)
z = a6(T )HxHy(H

2
x − 3H2

y )(3H2
x −H2

y ) ∝ sin 6ϕ. (5.3)

The sixth-order magnetoelectric response has not been discussed so far in the litera-
ture. The right-hand side of Eq. (5.3), found using symmetry arguments [55; 77; 78], is
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5 Magnetic Properties and the Magnetoelectric Effect in Ho-Langasite

Figure 5.3: Angular dependence of the static electric polarization along the c-axis. a.
Dependence of Pc on the polar angle θ between the applied magnetic field,
H, and the c-axis, for H rotated in the ac-plane at several temperatures. b.
Dependence of Pc on the azimuthal angle ϕ for H rotated in the ab-plane.
The modulation with the 60◦ period is indicative of a high-order MEE (see
Eq. (5.3)). Experimental data are shown with symbols, and solid lines are
calculated within the model described in Chapter 5.1.
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5.1 Simple Phenomenological Model of the Magnetoelectric Effect

the lowest-order polynomial of Hx and Hy that transforms as Pz. The saw-tooth shape
of the angular dependence of the polarization at low temperatures (Fig. 5.3b) indicates
contributions of MEEs of yet higher orders.

Eqs. (5.2) and (5.3) imply that the electric polarization is proportional to the 4th or
6th power of the applied magnetic field, depending on the orientation of H. Instead, at
low temperatures we observe a nearly linear dependence of Pz for any field direction
(see Fig. 5.4). Importantly, phenomenological Eqs. (5.2) and (5.3) only hold for weak
magnetic fields, |µHoH| � max(∆, kBT ), µHo being the saturated magnetic moment of
a Ho3+-ion. At low temperatures, their validity is limited to fields . 1 T (see Fig. 5.4b).
The saturation of the Ho magnetic moment at higher magnetic fields gives rise to higher-
order harmonics in the observed angular dependence of the electric polarization.

Counterintuitively, the onset of a more complex θ- and ϕ-dependence correlates with
the crossover to a linear dependence of Pz on the magnitude of the magnetic field
(Fig. 5.4). The calculation of the final expressions are given in [61] and will be outlined
in the following.

In the absence of inversion symmetry, the rare-earth ions interact with the electric
field, E, through an effective dipole moment operator, d̂, which in the subspace of the
ground-state multiplet can be expressed in terms of the quadrupole and higher-order
magnetic multipole moments of the ions [6]. The spectrum of the low-energy states
depends then on both electric and magnetic fields, which gives rise to a magnetoelectric
response of the rare-earth ions. The description of the MEE in Ho-langasite can be
simplified by projecting the Hamiltonian describing the magnetoelectric behavior of the
ground-state multiplet on the subspace of the two states forming the lowest-energy non-
Kramers doublet [61].

The energies +εi and −εi (i = 1, 2, 3) of the two states forming the doublet are in zero
electric field given as

εi =
√

(µ ·Hi)2 + (∆/2)2 , (5.4)

where µ is the magnetic moment of the Ho3+-ion and (µ ·Hi) = µXHXi
+ µYHYi . With

this we can calculate the free energy of the doublet

f = −1
3
nHokBT

3∑
i=1

ln

(
2 cosh

εi
kBT

)
, (5.5)

which leads to a magnetically-induced electric polarization of

〈Pc〉 = −nHo

3

3∑
i=1

(
∂fi
∂Ec

)
Ec=0

= gY Z
nHo

3

3∑
i=1

HZi
Mi, (5.6)

where nHo is the density of Ho-ions, gY Z is a real number andMi is related to the average
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Figure 5.4: Linear magnetoelectric effect in Ho-langasite. a. Electric polarization for
magnetic fields in the ac-plane with θ = 45◦ (see also Fig.5.3a). Symbols
are experimental data, dashed lines are results of theoretical calculations, as
described in Chapter 5.1. The inset shows temperature dependence of the
strength of the 4th-order magnetoelectric response, a4 in Eq. (5.3), obtained
from the low-field slopes. Symbols are experimental data; the line is the T−3

fit. b. Magnetic field dependence of the electric polarization, Pc, for applied
magnetic fields rotated in the ab-plane through 15◦ from the b∗-axis (see
also Fig. 5.3b). The inset shows temperature dependence of the strength of
the 6th-order magnetoelectric response, a6 in Eq. (5.3), obtained from the
low-field slopes. Symbols are experimental data; the line is the T−5 fit.
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5.1 Simple Phenomenological Model of the Magnetoelectric Effect

magnetic moment of the i-th Ho-ion by 〈µi〉 = (µX , µY , 0)Mi and equals to

Mi =
tanh βεi

εi
(µ ·Hi) , (5.7)

where β = 1/kBT .
Summing Eq. (5.7) over the three Ho-sites gives an average magnetic moment at zero

applied electric field of

M =
nHoµ

2
0

3

3∑
i=1

µi(µi ·H)
tanh (βεi)

εi
. (5.8)

The largest discrepancy between theory and experiment is found in the angular depen-
dence of the electric polarization shown in Fig. 5.3. The main reason for this deviation
is the intrinsic disorder in the langasite crystal structure (Fig. 5.1). The four positions
in the local surrounding of rare-earth ions are randomly occupied by two Si and two Ga
ions [64; 69] resulting in 6 inequivalent Ho-ions in each sublattice and the concomitant
lattice distortions affect the magnetic anisotropy and magnetoelectric interactions of the
ions. This will be considered in the extension of this model, as discussed in Chapter 5.2.
Importantly, our simple model2 based on average symmetry of rare-earth ions captures
the basic physics of the magnetoelectric response of Ho-langasite.

In the limit of strong fields and low temperatures, |µ · Hi| � ∆, kBT , when the
magnetic moment saturates, the electric polarization,

Pc = 1
3
nHogY Z

3∑
i=1

HZi
sign(µ ·Hi), (5.9)

shows a complex saw-tooth dependence on the direction of the magnetic field in the
ab-plane (due to the sign-functions) and, at the same time, a simple linear dependence
on the strength of the magnetic field, in agreement with our experimental observations.
In the opposite limit of weak fields and high temperatures, kBT � |µ0H|,∆,

Pc ≈
nHogY Zµ

3
0H

4

4(kBT )3
sin γ cos2 γ cos θ sin3 θ cos 3ϕ, (5.10)

where H is the magnitude of the magnetic field and γ = arccos(µY /µ0), which agrees
with Eq. (5.2) obtained by symmetry and gives a4(T ) ∝ T−3. At zero temperature,
(kBT )3 in Eq. (5.10) is replaced by ∆3/12.
For magnetic field applied in the ab-plane, the electric polarization at high tempera-

2In the following the model developed in Chapter 5.1 is referred to as the ’simple model’.
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tures,

Pc ≈
nHogY Zµ

5
0H

6

240(kBT )5
cos5 γ sin6 θ sin (6ϕ) , (5.11)

is proportional to H6 and oscillates six times as ϕ varies by 2π, in agreement with
Eq. (5.3) (a6 ∝ T−5). At zero temperature, (kBT )5 → ∆5/90.
The coefficients a4 and a6 in Eqs. (5.2, 5.3) can be estimated from the low-field slopes

of experimental data shown in Fig. 5.4. As demonstrated in the insets to Fig. 5.4, they
indeed follow the expected a4 ∝ T−3 and a6 ∝ T−5 behavior.
For a more detailed discussion of the microscopic model, see [61] and Refs. [79; 80; 81;

82]. The resulting magnetic field-dependence of the electric polarization (dashed lines in
Figs. 5.3 and 5.4) is in reasonable agreement with experimental data.

5.2 Extended Model of Magnetic Structure in Ho-LGS
Even though the main features of the observed magnetoelectric effect can be reproduced
by the first model presented above, many discrepancies remain to be explained, calling
for an extension of the model. In particular the magnetization curve (Fig. 5.6) indicates
that the magnetic structure of this compound is more complex than accounted for in the
first model. To resolve the actual magnetic structure measurements of the magnetization
as a function of the magnetic field direction in a SQUID magnetometer were performed
and combined with further measurements in a torque magnetometer. As presented in
Chapter 5.2.2 and 5.2.3, these measurements show clearly the need for extending the
first approximation of the model (Chapter 5.1).

5.2.1 Breaking of Local C2 Symmetry
As a starting point for extending the simple model (Chapter 5.1), it is useful to revisit
the assumptions we made previously. The possible orientation of the Ising-type magnetic
moment of the Ho-ion is limited by the C2-symmetry to be either in the perpendicular
plane or parallel to the a-axis of the crystal. Considering that the crystal C2-symmetry
relies on averaging the random distribution of the Ga- and Si-ions, which occupy the
2d-position (see Fig. 5.1), a local breaking of this symmetry becomes possible in cases of
an uneven distribution. For estimating the possible influence of the 2d-position on the
magnetic moment of the Ho-ions the nearest and next-nearest 2d-sites should be taken
into account, since they have a similar distance to the rare-earth site (d1 = 3.42 and d2 =
3.66 , respectively). These four positions can be occupied by 16 different combinations of
Ga- and Si-ions, of which only four possibilities preserve the C2-symmetry, as visualized
in Fig. 5.5.
Therefore it seems reasonable to consider additional easy axes which do not follow the

crystal’s C2-symmetry. Nevertheless it is important to note that those additional easy
axes may break the symmetry locally, but an averaging over the whole crystal should
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Figure 5.5: The 16 different distributions of Ga/Si-ions in the close vicinity of the mag-
netic Ho-ion (top), which lead to 9 different possible directions of the mag-
netic moment (bottom right) are shown schematically as a projection onto
the b∗c-plane (and ac-plane). Note that the relative length of the projected
distance is exaggerated in the 16 distributions to clarify the symmetry. The
actual ratio is shown in the general scheme in the center. In the model pre-
sented in the text, both distances were assumed to be of equal length. The
model of Chapter 5.1 is shown in the bottom left.
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still restore the C2-symmetry. Therefore for each easy axis, which does not satisfy the
symmetry, a second easy axis has to be assumed in such a way that the twofold rotation
around the a-axis projects those two axes onto each other. In the following section the
measurements of the magnetic torque of Ho-LGS are presented and analyzed to identify
which directions of the Ising-type magnetic moments are present in the investigated
sample.

5.2.2 Magnetization
The magnetization of a single Ho-ion becomes in this extension of the model slightly
more complex as compared to Eq. (5.7), since a summation over the different easy axes
ei is needed, resulting in

µHo(H) =
∑
ei

wi · µi (µi ·H)
tanh ∆

kBT

∆
, (5.12)

where the moments of the different easy axes are weighted with
∑

iwi = 1 and µi =
mtotei, with the length of the magnetic moment mtot. So far only the magnetization
emerging from the lowest-energy doublet,M2lvl was considered. The higher energy levels
can be included in this expression via the temperature-independent van-Vleck param-
agnetism [83]. This additional values to the magnetization can be extracted from the
high-field region of the magnetization curve. Here the change of M2lvl becomes neg-
ligible and the van-Vleck slopes dominate the change of magnetization. Therefore we
extended the set of measurements with new measurements performed with a vibrating
sample magnetometer in a PPMS, which provides magnetic field strengths of up to 14T
(Fig. 5.6). The investigated sample has a nearly cubical shape and originates from the
same batch as the other cuts of HoxLa3−xGa5SiO14, which were measured in this work.
The slope of the linear fits of the magnetization above 13T were used to get the three
different van-Vleck parameters Va ≈ 55.9µB/Ho

kT , Vb* ≈ 60.2µB/Ho
kT and Vc ≈ 29.2µB/Ho

kT ,
which can be used to calculate the van-Vleck magnetization

MvV =

Va 0 0
0 Vb 0
0 0 Vc

 ·H . (5.13)

The magnetization of the two level system and the van-Vleck magnetization sum up to
the total magnetization

Mtot = M2Lvl + MvV . (5.14)

Due to the presence of the threefold rotation axis, which is along the crystal’s c-axis, the
van-Vleck parameter should be constant in the ab-plane. Nevertheless the parameters
Va and Vb* were not observed to be exactly the same, which might be due to a small
misalignment of the sample in the measurement. Even though a significant improvement
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5.2 Extended Model of Magnetic Structure in Ho-LGS

Figure 5.6: The field scans of the magnetization along the main crystallographic axes,
measured at 2.3K (blue) and 12.3K (green). The theoretical curve (dashed)
is calculated according to the extended model, as outlined in the text.
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can be achieved by the new model, an error in the range of 5% remains. In the other
hand we observed that the magnetization curve was not reproduced accurately in the
various sets of measurements, which were measured with different samples. Therefore it
is not unlikely that this error can be attributed to experimental artifacts.
With the equations given above, it is not only possible to calculate the magnetization

as a function of the applied magnetic field, but also the angular dependence of the
magnetization for a fixed field strength. The corresponding measurements, which were
taken in a SQUID magnetometer, are presented in Fig. 5.7. The thin red line shows the
theoretical prediction based on the simple model and thus confirms again the need for
a more accurate model, as developed in this chapter and shown in the Fig. 5.7 (cyan).

5.2.3 Magnetic Torque
In Fig. 5.8 we compare the experimental result of the magnetic torque for the three main
crystallographic axes with the prediction of the simple model (red) and the fitting of the
improved model, which will be developed in the following sections. The measurement
of τc reveals the same sixfold oscillation that was observed in the measurement of the
electric polarization along the crystal’s c-direction while rotating the magnetic field in
the ab-plane (Figs. 5.3 and 5.14). In both cases the simple model fails to reproduce the
position of the sharp jumps, which occur whenever the magnetic field is parallel to the
local ŷ-direction of one of the three Ho-sites. The definition of the magnetic torque is
given in Eq. (2.3) as τ = µ × H. Hence, the step-like jumps can be interpreted as a
switching of one of the three Ising-type local magnetic moments, which occurs, whenever
the magnetic field sweeps across the projection of an easy axis onto the ab-plane, leading
to a change of sign of the corresponding local magnetic moment. This is an indication
that the projection of all easy axes onto the ab-plane are parallel to the local x̂-axis of
the Ho-ions, i.e. are in the local x̂ẑ-planes. This is a distinct contradiction to the simple
model, where the magnetic moments were assumed to lie in the local ŷẑ-planes. The
measurement of the magnetic torque in the ac-plane, τb*, confirms the assumptions that
at least two easy axes are present for each Ho-ion, since the change of sign from positive
to negative torque is splitted into two seperate jumps (Fig. 5.8).

5.2.4 Fitting the Magnetic Structure
As discussed previously, each Holmium-ion can be surrounded by 16 different combina-
tions of Ga- and Si-ions on the shared atomic site, leading to the assumption that the
C2-symmetry might be locally broken. Nevertheless it has to be noted that 4 of the 16
different distributions do satisfy the symmetry, suggesting that an undistorted easy axis
is present in the sample, which is then complemented by up to eight distorted easy axes
(Fig. 5.5). Contrary to the assumption of the simple model, we assume as a conclusion of
the previously presented analysis of the torque measurement that the undistorted easy
axis is along the local x̂-axis. This is allowed, since the main argument for choosing the
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Figure 5.7: The experimental result (black) of the magnetization along the direction of
the applied magnetic field is compared to the theoretical predictions of the
simplified (red, Chapter 5.1) and extended model (cyan, Chapter 5.2). Note
that the scale had to be adjusted for the simple model (right) as an attempt
to compare the main features of both models. The measurements were taken
at 5K and at a magnetic field of 5T, which was rotated in the samples b∗c-
(top), ac- (middle), and ab-plane (bottom).
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Figure 5.8: The experimental result (black) of the magnetic torque is compared to the
theoretical predictions of the simplified (red, section) and extended model
(cyan, section). Note that the scale had to be adjusted for the simple model
(right) as an attempt to compare the main features of both models. The
measurements were taken at 2.3K and at a magnetic field of 6T, which was
rotated in the samples b∗c- (top), ac- (middle), and ab-plane (bottom).
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easy axis to be in the ŷẑ-planes, i.e. the non-zero magnetization in c-direction, is not
valid anymore, due to the assumption of additional distorted easy axes3.
Having this in mind, we can identify the nine possible easy axes ei as visualized in

Fig. 5.5 and describe them by only four angles θ1, φ2, θ3 and φ3 as given in Table 5.1.
Here we neglected the small difference in distance between the Ho-ion and the nearest
and next-nearest Ga/Si-sites, respectively, and assume a mirror symmetry around the
c-axis, which translates e5 into e7 and e6 into e8. Hence, we are able to describe those
four easy axes by only two angles θ3 and φ3.
In this table we assigned to each easy axis a weight wi, representing the relative

abundance of the i-th easy axis, by assuming a random distribution of the Ga- and
Si-ions. Nevertheless we used the weights as additional free parameters in the fitting
procedure, to account for possible deviations of the random Ga/Si-distribution in the
vicinity of a Ho-ion. However, the weights need to satisfy the conditions w1 = w2,
w3 = w4 and w5 = w6 = w7 = w8 due to symmetry arguments, while also

∑
iwi = 1

has to be fulfilled. Therefore only three additional parameters are needed to cover all
possible relative abundances of the ei.

i = 0 1, 2 3, 4 5, 6, 7, 8

ei

1
0
0

  cos(θ1)
0

± sin(θ1)

  cos(φ2)
± sin(φ2)

0

  cos(φ3) sin(θ3)
± sin(φ3) sin(θ3)
± cos(θ3)


wi 1/4 1/16 1/16 1/8

Table 5.1: The directions and weights of the easy axes ei that can be assumed for a
random distribution of Ga- and Si-ions, as visualized in Fig. 5.5.

First results of this new model revealed the need for an additional scaling parameter,
λ, to scale the magnetic torque and the change of MH , i.e. the magnetization projected
onto the direction of the applied magnetic field, via

τ(ei, wi, λ) |H = λ (Mtot(ei, wi) |H ×H) and (5.15)
MH,j(ei, wi, λ) = MH,j + λ

(
MH(ei, wi)−MH,j

)
, (5.16)

respectively. Here MH,j is the experimentally determined average magnetization along
the magnetic field direction for each of the three sets of measurements (gray horizontal
line in Fig. 5.7) and j = a, b*, c denotes the rotation of the magnetic field through the
samples b∗c-, ac- and ab-plane, respectively. Without the parameter λ no quantitative
agreement between experimental and theoretical curves can be achieved for Figs. 5.7 and
5.8. Instead the model overestimates the magnetic anisotropy without this parameter.

3The fitting procedure was repeated with an easy axis in the ŷẑ-planes as a starting point. However,
the experiments could not be described very well. Therefore only the model with an easy axis along
the local x̂-axis as a starting point is presented in this chapter.
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In total this leads us to a set of eight parameters (4 angles, 3 weights, 1 scaling factor)
to fit six sets of measurements (Figs. 5.7 and 5.8) simultaneously. The straight-forward
fitting procedure would consist of calculating the residual for every possible combination
of values for the eight parameters, down to a predefined threshold. Unsuprisingly, this
brute-force search would take to much computational cost to be feasible and was there-
fore replaced by a more delicate approach. First of all it is essential to define how the
residuals are calculated for a given set of parameters p, since the weighting can influence
the outcome. For each of the six sets of measurements, the residual is calculated in the
same way (here given for τx):

ρτ,x =
nτ,x∑
i τexp,xi

(∑
xi

(τexp,xi − τxi(p))2

nτ,x

)1/2

, (5.17)

where the sum over the xi denotes the summation over all points of the given measure-
ment and the subscript ’exp’ is used to distinguish the experimental values from the
theoretically calculated. The summation of all n = 6 residuals gives the total residual

ρ =

∑
j ρj

n
, (5.18)

which will be minimized by a variation of the Hooke’s algorithm (Fig. 5.9), as explained
in the following paragraph.

In this approach a certain number of points are randomly generated in the eight
dimensional parameter space, which is constrained by the predefined limits. The angles
can be set due to symmetry reasons to < 90◦ and the weights are wi < 1. In each
iteration of the following algorithm every point moves in the parameter space in the
way, which is visualized in the schematic Fig. 5.9. In the first phase of every iteration
the optimal direction is determined, by varying every coordinate, i.e. parameter, one
after another by a predefined step-size, first in the positive and, if this does not reduce
the residual, in the negative direction. If the residual is decreased by the step, the new
coordinate is saved, before this procedure is repeated for the next coordinate. After all
eight coordinates are varied, the algorithm moves either on to phase 2a or, if no further
reduction was reached, reduces the step size (phase 2b). The phase 2a was implemented
to reduce the computational cost considerably. Instead of finding a new optimal direction
(phase 1), the point moves in the previously determined direction as long as no further
reduction of the residual can be achieved. Only when this is the case a new iteration is
started with phase 1. This procedure is repeated until a predefined cut-off step-size is
reached in phase 2b.

This explanation is still simplified and it is important to pay attention to some possible
disadvantages of this approach. First of all the term ’best direction’ is not accurate, since
one parameter is varied after another and saved as soon as the value of the residual is
reduced. Hence, not all directions are actually tested. A quite common disadvantage of
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Figure 5.9: A schematic of the fitting algorithm is shown. The three different phases 1,
2a and 2b are explained in the text in more detail.
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several fitting algorithms is the risk of ending up in local minima. However, this issue
can be overcome by initializing not just one, but several random points in the parameter
space. In this way it is easy to estimate the risk of being stuck in a local minima. In the
presented case all points ended up with a very similar set of parameters, which confirms
that we did find indeed the global minimum. The fitting leads to a rather interesting
outcome, which is shown in Table 5.2.

#free parameters θ1(◦) φ2(◦) θ3(◦) φ3(◦) w0 w1,2 w3,4 w5,6,7,8 λ

8 32.12 11.31 38.50 2.51 0.00 0.31 0.00 0.08 0.49
2 34.30 x x x 0 0.5 0 0 0.47

Table 5.2: The parameters, which minimize the residuals for the magnetic torque and
the angular dependence of the magnetization, as determined by the fitting
algorithm, which is discussed in the text. In a second fitting procedure, only
the two easy axes e1,2 were taken into account, by fixing the weights of the
other seven easy axes to zero (bold). This means that the number of free
parameters (blue) were reduced to only two. The definition of the easy axes
are shown in Table 5.1. A visualization of both sets of parameters are given
in Fig. 5.10.

The values for w0 and w3,4 are fitted to be close to zero, giving rise to the conclusion
that neither the ’undistorted’ direction (e0) nor the easy axes within the ab-plane (e3,4)
are present in the compound. Furthermore the polar angle describing e5,6,7,8 is very
close to θ3 ≈ 0◦, which also describes e1,2. φ2 and φ3 have similar values. Therefore it
seems likely that the magnetic structure can be explained by only the two easy axes e1,2

alone. To confirm this hypothesis a second fitting was performed, where the number of
parameters were reduced, as shown in Table 5.2. And indeed, the agreement of theoretical
data and experiment was substantially of the same quality. Both sets of parameters of
this refined model are visualized in Fig. 5.10. The model does not only reproduce the
measurements of the magnetic torque (Fig. 5.8) and the magnetization (Fig. 5.7) in a
reasonable matter, but it also improves the fits of the magnetoelectric effect (Fig. 5.13).
Furthermore, this hypothesis goes very well with the observation of only two modes of
the paramagnetic resonance, as discussed in the following section.

5.2.5 Paramagnetic Resonance

To get an accurate understanding of the magnetic structure of the investigated com-
pound, it is important to identify the crystal field splitting of the lowest lying doublet.
In Chapter 5.1 we assumed a value for this splitting of ∆ = 3.1K, which was taken from
measurements of the paramagnetic resonance in a quasi-optical sub-THz interferometer
(Chapter 2.3). Here we present those measurements and compare them to the theoretical
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Figure 5.10: Visualization of the easy axes as given in Table 5.2 for eight (left) and two
(right) parameters. Only the axes with non-zero weights are drawn. The
dashed lines on the right panel indicate the position of the easy axes with
eight parameters (left panel). The projections of the easy axes onto the ac-
and b∗c-plane were chosen in accordance to Fig. 5.5.

Figure 5.11: Examples of a paramagnetic resonance, as measured in the Mach-Zehnder
interferometer at different frequencies in Faraday geometry. The shift of the
resonance frequency can be identified in intensity and phase.
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Figure 5.12: The different modes of the paramagnetic resonance are plotted for the ex-
ternal field along the main crystallographic axes (a - left, b∗ - middle, c -
right). All possible polarizations were measured for the a-cut sample (cir-
cles) and complemented by two sets of measurements on the c-cut sample
(squares) for H ‖ a, to cover most of the possible excitation conditions
(green - h ‖ a, red - h ‖ b∗, blue - h ‖ c). The model from Chapter 5.1
(dashed orange) is assumed a splitting of ∆ = 65GHz. The extension of
the model, as developed in Chapter 5.2 (solid violet) assumed ∆ = 90GHz,
as explained in more detail in the text.

prediction of the new model. Furthermore the value of ∆ will be adjusted by a more
accurate analysis of the data.
As shown in Fig. 5.11 the paramagnetic resonance appears in field scans at fixed

frequencies as a distorted Lorentzian in the relative transmission and phase shift. By
fitting both curves simultaneously, the resonance field can be extracted, even though
the change in signal is rather small and somewhat distorted, possibly due to the small
amount of Ho-ions in the compound. The resonance fields extracted are shifted to slightly
larger field strengths compared to the values, which were simply read out of the raw data
and used for the simple model (Chapter 5.1). In general the gyromagnetic ratio g can be
different for different directions of applied field and different polarizations of the magnetic
ac-field of the incoming light beam. Therefore we tested all possible combinations within
the a-cut sample and complemented it with two measurements of the c-cut sample (h ‖ a
and h ‖ b∗ for an applied field H ‖ a). Plotting the resonance fields as a function of the
frequency of the incoming light reveals the expected linear behaviour at larger fields, with
a slope corresponding to the g-factor (Fig. 5.12). At low fields the resonance frequencies
converge to the value of the splitting of the non-Kramers doublet, where the frequency of
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5.2 Extended Model of Magnetic Structure in Ho-LGS

90GHz corresponds to a splitting of ∆ = 4.3K. This is slightly larger than the previous
estimate, due to the refined fitting of the data, as mentioned above.

Another valuable information that can be gained by analyzing this set of measurements
is the number of modes that can be excited for each direction of magnetic field. While
two modes are observed for an applied magnetic field along the a-axis, only one mode
is observed for H ‖ b∗ and H ‖ c, respectively. However, it is essential to note that only
a minimum number of modes can be identified for certain, since the modes might be so
close to each other that they cannot be seperated due to the unevenly shaped absorption
line. Nevertheless, the model fits the experimental data so well that it confirms the
assumption of only two easy axes being present for each of the three Ho-sites. However,
it remains unclear why the two modes for h ‖ b∗ for an applied field H ‖ a appear in
two different cuts of the sample.

5.2.6 Induced Electric Polarization

The derivation of the electric polarization at a given Ho-site induced by an external mag-
netic field was based on the C2-symmetry of the magnetic moments. Since the presented
extension of the model allows for a local breaking of this symmetry a more general ap-
proach has to be chosen. As we are only interested in the polarization in c-direction of the
sample, it is sufficient to consider only the energy terms, which include the ẑ-component
of the electric field:

Hz(Ez) =− C1EzHxµy − C2EzµxHy − C3Ezµxµy − C4EzHxHy (5.19)
−C5EzHxµz − C6EzµxHz − C7Ezµxµz − C8EzHxHz .

Here C1−8 denote different constants. Higher orders were neglected for simplicity. The
electric polarization of a single Ho-ion can be derived by taking the partial derivative in
respect to Ez (see Eq. 3.2). This expression can then be simplified in two steps. First, by
considering that the magnetic moment lies in the x̂ẑ-plane of each ion (µy = 0). Second,
the summation over all three Ho-sites

Pz =
3∑
i=1

piz (5.20)

leads to a cancellation of a few terms, due to the threefold symmetry of the crystal’s
c-axis. The final expression consists of only three terms4

pz = −∂Hz

∂Ez
= c1µxHy + c2µzHx + c3µxHz . (5.21)

4For the sake of simplicity, we redefined the constants c1 = C2, c2 = C5, c3 = C6
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Figure 5.13: The magnetoelectric effect can be directly observed by measuring the elec-
tric polarization for an applied magnetic field. Here the polarization along
the samples c-axis is measured, while the magnetic field is applied in the
ac-plane (left) and the ab-plane (right) under an angle of 45◦ with respect
to the a-axis in both cases. The theoretical curve of the model presented in
Chapter 5.1 is shown for 2.3K (dashed). No magnetoelectric effect can be
observed for magnetic fields along the main crystallographic axes.

Therefore only three parameters5 (c1, c2, c3) had to be fitted, using a similar fitting
algorithm, as presented above, resulting in the values, which are given in Table 5.3.

c1 c2 c3

0.151 0.288 0.089

Table 5.3: Constants determined from the fitting of the polarization, as given by Eq.
(5.21).

The main disadvantage of the simple model was the poor agreement of the shape
of the electric polarization, when plotted as a function of the magnetic field direction
(Figs. 5.3 and 5.14). While the sweeping of the field in the ac-plane results in a peak,
which is shifted compared to the simple model, the measurement in the ab-plane led to a
different position of the sharp jumps in polarization, analogous to the measurement of the
magnetic torque in that plane. As shown in Fig. 5.14, both inconsistencies were overcome
by the extended model. The remaining difference of the new model and the experiment

5The magnetic structure assumed in Chapter 5.1 did lead only to two terms in this expression:
C1µyHx + C5µzHx.
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Figure 5.14: The electric polarization induced by an applied magnetic field as the func-
tion of the field direction. The measurement points were extracted from
the 14T field scans (see Fig. 5.13), where the field was rotated across the
crystal’s ac-plane (left) and ab-plane (right). The theoretical curve of the
model presented in Chapter 5.1 is shown for 2.3K (dashed). In agreement
with symmetry considerations, no magnetoelectric effect could be observed
for fields in the b∗c-plane.
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5 Magnetic Properties and the Magnetoelectric Effect in Ho-Langasite

Figure 5.15: The difference of theoretically predicted and experimentally attained angu-
lar dependence of the magnetization at 5K and 5T (see Fig. 5.7). Dashed
lines are fits with sine curves, as discussed in the text.

might be explained by small misalignments of the sample (Fig. 5.13). However, the
polarization as a function of the magnetic field strength seems to fit better to the simple
model (Fig. 5.4).

5.2.7 Open Questions

As described above, the extended model manages to reproduce the presented measure-
ments reasonably well, even though no perfect agreement is achieved. In most cases
this might be explained by a misalignment of the sample in the measurements or other
experimental artifacts. Nevertheless, this has to be analyzed thoroughly, the remaining
drawbacks in the presented model need to be discussed and the open questions will be
formulated in the following.
As given in Table 5.2, the largest disagreement in describing the magnetic torque and

the angular dependent magnetization might be found in the scaling parameter λ = 0.47,
which suggests that the magnetization in the sample is in fact more isotropic than
calculated in the model. However, even with this scaling factor a systematic error is
present, when comparing experiment and theory, which is shown by their subtraction
in Fig. 5.15 for the magnetization and in Fig. 5.16 for the torque measurements. A
very stable periodicity catches the eye in both cases, which is illustrated by fitting the
residuals with sine curves. For the magnetization of b∗c- and ac-plane a fit with a sin(4θ)
is presented and for the ab-plane a fit with a sin(2φ) curve. The residuals of the magnetic
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Figure 5.16: The difference of theoretically predicted and experimentally attained mag-
netic torque (Fig. 5.8) in b∗c- (top) and ac-plane (bottom) at 2.3K, 12.3K
and 22.3K (left to right). Dashed lines are fits with sine curves.

torque reveals also a sin(2δ) for all sample planes. A connection between these residuals
and the sample symmetry (cubic for magnetization, thin plate for torque) is so far
merely speculative, but calls for further investigation. This additional contribution to
the magnetization leads to a problematic asymmetry of the magnetization around the
crystal’s c-axis in the b∗c-plane, as seen in Fig. 5.7, which contradicts the symmetry of
the model. However, we neglected in this approach the small difference of the distance
d1 and d2 of the Si/Ga- to the Ho-sites. This approximation might be the reason for this
discrepancy.

In both previously described models, the induced magnetization and the magnetoelec-
tric effect are driven by the lowest lying doublet, whilst other levels are only accounted
for in the van-Vleck paramagnetism, which assumes the next level is at an energies E1,
which satisfy E1−E0 � kBT , where E0 is the ground level [84]. Therefore no deviations
of the linear relation between magnetic field and induced electric polarization at larger
fields are expected in these approaches. Nevertheless, we were able to explore the mag-
netoelectric effect beyond the model, by measurements in pulsed magnetic fields of up to
56T, which are presented in Fig. 5.17. The induced electric polarization along the c-axis
was measured for different directions of magnetic field in the ab- and ac-plane, respec-
tively. The observed high-field anomalies are of a strikingly different nature for the two
planes: while a decrease of electric polarization can be observed for certain directions of
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Figure 5.17: top The induced electric polarization by a pulsed magnetic field of up to
56T for certain directions in the ab- (left) and ac-plane (right), respec-
tively. The combination of field direction and temperature, which was used
for each pulse, is shown in the legend in each plot. bottom The corre-
sponding low field (14T) measurement points (see Fig. 5.6) are presented
to facilitate the identification of the high-field features. Note that a different
base temperature was used to allow for stable measurements.

fields in the ab-plane, there is no such slow-down of the effect for fields in the ac-plane.
Quite the contrary, the linear magnetoelectric effect, which is observed at low tempera-
tures above a few Tesla, transforms into a second linear regime with an even larger slope
at field strengths between 20-40T. The temperature dependence reveals expectedly a
slight weakening of the MEE at larger temperatures.
These high-field features most likely correspond to the admixture of higher levels,

which is not accounted for in the presented model and, therefore, requires a further
expansion. The experimental identification of the crystal field levels by spectroscopic
methods would be strongly desired to complete the description of the system. Resolving
the occupation of the Ga/-Si sites in the vicinity of the magnetic Ho-ions would be an ad-
ditional major help in confirming the presented theory and answering the open question,
along with further measurements, like repeating the investigations on HoxLa3−xGa5SiO14

with different Ho-content.
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Figure 5.18: Transmitted intensity of three different compounds of the rare-earth langa-
site family at 1.8K. The different thicknesses of the plane-parallel a-cut sam-
ples from La3Ga5SiO14 (violet), HoxLa3−xGa5SiO14 (red) and Nd3Ga5SiO14

(green) are given in the plot.

5.3 Electron-Phonon Coupling in Rare-Earth
Langasites

As described in Chapter 5.2.5, we measured the paramagnetic resonances in a sub-THz
interferometer. In this section we will discuss the finding of another intriguing feature
of Ho-LGS, which was observed in frequencies < 500GHz. As presented in Fig. 5.18
a strong absorption at zero magnetic field was discovered in the investigated sample
of HoxLa3−xGa5SiO14 and other compounds of the langasite family (not all shown), in-
cluding the prototype La3Ga5SiO14, which we identify as a strong low-frequency phonon.
Nevertheless this experimental setup could only reveal the left side of the mode, since
the sample is not transparent up to at least 1THz - the cut-off of the high frequency
backward wave oscillator. Therefore, the phonon spectra were further studied in the
infrared frequency range by thoroughly measurements in [85] with a Fourier-transform
interferometer. However, the combination of the considerable frequency resolution of the
backward wave oscillators with the 7T magnet allowed the discovery of a sensitivity of
this phonon to magnetic fields. As discussed in the following, an applied field along the
crystal’s c-axis seems to lead to a narrowing of the phonon mode, while the application
of magnetic fields along a- and b∗-axis did not reveal any impact.
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Figure 5.19: top The dielectric permittivity measured along the crystal’s c-axis as a
function of temperature, measured at a frequency of 1 kHz. bottom Trans-
mission (left) and optical thickness l = nd, where n is the refractive index
and d the geometrical thickness of the sample (right) of a linearly polarized
(h ‖ b∗, e ‖ c) monochromatic electromagnetic wave through a Ho-LGS
sample (a-cut), measured at zero magnetic field and different temperatures
(color).
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Figure 5.20: The change of transmission (top) and change of optical thickness l (bottom)
of an electromagnetic wave with a frequency of 345GHz, which is linearly
polarized with h ‖ b∗ and e ‖ c, under the variation of an external magnetic
field H ‖ c.

5.4 Excitation in the Complex Transmission

The dielectric permittivity εc of compounds of the langasite family are known to have
relatively large values [64]. The doping of the prototype LaGaSiO with 1.5% Ho-ions does
not effect the temperature dependence by much, as shown in the top panel of Fig. 5.19.
Nevertheless, we are the first to measure a low frequency phonon, which can be partly
attributed for the large value of εc (Fig. 5.18).
The sensitivity to magnetic field of the phonon was first observed in an attempt to

measure the paramagnetic resonance at 345GHz in a magnetic field scan (Fig. 5.20). The
absorption at the resonance field of about 2T is dominated by a strong absorption in
the range of 0-4T. The measurement of the spectra at different magnetic field strengths
(Fig. 5.21) confirms that this effect seems to be well pronounced at fields below 4T and
decreases for larger fields (see Fig. 5.20). Using its thickness, the transmission and phase
shift of an electromagnetic wave through the sample can be converted into the complex
dielectric permittivity ε∗. The excitation of the phonon can be observed in the spectrum
of ε∗ as a Lorentzian function

ε∗(ω) = ε(0) + ∆ε
ω2 + iωγ

ω2
0 − ω2 − iωγ

. (5.22)

Therefore we can extract the static dielectric permittivity ε(0), the strength of the exci-
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Figure 5.21: Field dependence of the phonon at 1.8K. The frequency of Figure 5.20
(345GHz) was indicated by a gray dashed line. top Transmission (left) and
optical thickness l (right) of a linearly polarized (h ‖ b∗, e ‖ c) monochro-
matic electromagnetic wave through a Ho-LGS sample (a-cut), measured at
different strengths (color) of the magnetic field, which was applied in along
the crystal’s c-axis (Voigt geometry). bottom For a better visualisation of
the change of signal (and optical thickness), it was devided (subtracted) by
the zero field signal (optical thickness).
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tation ∆ε, the resonance frequency fres = ω0/2π and the damping parameter γ by fitting
the measured complex transmission for different temperatures (Fig. 5.22). However, since
only the information of the phonon’s left side is given, we had to acknowledge that this
set of parameters provided too many degrees of freedom to fit the subtle differences
under the application of magnetic field. This can be understood, when approximating
ω � ω0 in Eq. 5.22. In this limit, we can assume the real and imaginary part to be

ε′(ω) ≈ ε(0)− ∆ε

ω2
0

ω2 (5.23)

and

ε′′(ω) ≈ ∆ε

ω2
0

γω , (5.24)

respectively. While the real part allows for determining ε(0) by the zero-frequency limit
and ∆ε

ω2
0
by its quadratic slope, the imaginary part can be used for extracting γ. However,

a separation of ∆ε and ω0 cannot be achieved in this frequency regime, if the changes
are small. Therefore, we fixed one of the two parameters (∆ε), when fitting the magnetic
field dependence.

This analysis provided several interesting insights. First of all, the increase of the
static permittivity along the c-axis for a decrease of temperature cannot be explained by
the change of the low-frequency phonon, since its static contribution, ∆ε, unexpectedly
decreases with decreasing temperature. Even more interestingly, we can attribute the
change of complex transmission under the application of a magnetic field of up to 4T to
a decrease of γ, i.e. a narrowing of the phonon. Above this field no significant changes of
the phonon parameters can be identified. The origin of this sensitivity to magnetic fields
might be a coupling of the crystal field levels of the magnetic Ho-ion to the vibrational
phonon mode. However, the determined parameters suggest a variation of ε∞ = ε(0) +
∆ε, i.e. a sensitivity to magnetic fields of excitations at higher frequencies. Nevertheless,
understanding the microscopic mechanisms behind the excitation and alteration of the
phonon calls for further investigation in complementary experimental setups.

Even though the high frequency side of the phonon excitation can be observed in a
Fourier-transform infrared spectrometer, an attempt to get further information about
the sensitivity to magnetic fields failed. Unfortunately the resolution is not sufficient to
reveal any signal in the relative spectra.

For a comprehensive study of the phonon spectra with special attention to the tem-
perature dependence of Ho-langasite and further compounds of the langasite family, we
refer to [85].
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Figure 5.22: Parameters for fitting the the low-frequency phonon (Fig. 5.21 and 5.19)
as a Lorentzian, as described in Eq. (5.22). ∆ε (top) was assumed to be
independent on the magnetic field, while the change of γ, ε0 (along c-axis)
and fres are shown (bottom) for each temperature (color).
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5.5 Summary
We presented an extensive study of the magnetic and magnetoelectric properties of
HoxLa3−xGa5SiO14. An unusual MEE was discovered for the polarization along the crys-
tal’s c-direction, which is linearly dependent on the strength of the magnetic field, but
oscillates six times upon the rotation of the field in the ab-plane of the compound. This
effect could be qualitatively modeled by two approaches, assuming two different magnetic
structures of the system. Already the assumption of one local easy axis for each of the
three Ho-sites is sufficient to reproduce the main features of the observed phenomenon.
However, the investigation of the magnetic properties revealed a more complex magnetic
anisotropy, indicating the presence two local easy axes for the Ho-ions. However, a scal-
ing factor had to be introduced, to be able to model the magnetic and magnetoelectric
properties simultaneously. Furthermore, a coupling of an applied magnetic field to a low-
frequency phonon was observed. By extracting the parameters describing this excitation,
we concluded that the application of a magnetic field along the crystal’s c-axis leads to
a narrowing of the phonon resonance.
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6 Identifying Quantum Phase
Transitions by Torque
Magnetometry

In this chapter, two realizations of resolving the magnetic phase diagrams of two mag-
netoelectrics by torque magnetometry are presented. In many cases the measurement of
the magnetization curves is not sufficient to indicate the correct microscopical structure
of the magnetic moments, but additional information about the magnetic anisotropy is
needed, which can be provided by measuring the magnetic torque. At least, an accurate
measure, which is complementary to measuring the induced magnetization, of the ex-
act transition fields and temperatures can be offered by this experimental method, as
presented for two different materials, namely in the polar magnetoelectric multiferroics
GaV4S8 [86; 87] and Mn2Mo3O8 [88; 89].

6.1 Transition of Cycloidal Phase to Skyrmion Lattice
in GaV4S8

The polar magnetic semiconductor GaV4S8 is paramagnetic down to a temperature of
13K. Below this temperature it presents delicate structured magnetic phase diagram,
including a cycloidal phase and the first observation of a Néel-type skyrmion lattice
phase in a bulk crystal ever reported [90]. In this section we show the proof of principle
that such a quantum phase diagram can easily be resolved by the torque magnetometer
option of a PPMS (Chapter 2.2.4).

Skyrmions in Lacunar Spinel Chalconegides

Recent scientific attraction was caused by the experimental observation of topologically-
stable magnetic vortex textures [91], so-called skyrmions, which have been already the-
oretically studied since 1989 [92] and are thought to have intriguing applications as
spintronic devices, like transistors or memory devices [93]. Skyrmions are distinguished
by the type of rotation of the spins into Bloch- and Néel-type skyrmions (schematically
shown in Fig. 6.1), while also a novel combination of both types were recently observed,
the so-called anti-skyrmions [94].
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Figure 6.1: Spin structure of a Bloch- (a) and Néel-type skyrmion and the corresponding
cross-sections. The image was directly taken from [90].

The family of lacunar spinel chalcogenides AM4X8 (A = Ga, Ge; M = V, Nb, Ta;
X = S, Se) consist of transition metal clusters M4 as the magnetic building blocks,
which large separation induces a Mott insulators state in the crystal. Furthermore, these
compounds were investigated for a rich variety of interesting physical phenomena, like
pressure-induced superconductivity [95], colossal magnetoresistance [96] and magneto-
electric mutliferroicity [97].
The compound GaV4S8 belongs at room temperature to the F 4̄3m space group, but

undergoes a structural transition by cooling below a temperature of TS ≈ 40K into the
rhombohedral R3m space group [86; 98], followed by a magnetic transition at TC = 13K,
first solely connected to the emergence of a ferromagnetic order [98]. However, a more
complicated magnetic phase diagram was resolved, which lead to the first observation
of a Néel-type skyrmion in a bulk crystal [90].
The magnetic phases and the corresponding phase transitions below TC were iden-

tified in [90] by measuring the magnetization curves along three crystallographic axes
([100],[110],[111]). Within the M(H) measurement, the transitions can be observed as
direction-dependent step-like features. However, it could be argued that the steps are not
very well pronounced, which brings some difficulties in pinpointing the exact transition
field and temperature. Therefore we examine the phase transition by torque magnetom-
etry (Chapter 2.2.4) and propose this approach to measure and identify quantum phase
transitions.

6.1.1 Identifying Phase Transitions by Magnetic Anisotropy

The investigated sample is a thin plane-parallel plate, cut along the [111]-plane. As
described in [90], the crystal has four different easy axes ([111],[111̄],[1̄11],[1̄11̄]). For
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Figure 6.2: The magnetic torque along the GaV4S8 crystal’s [11̄0] direction at a tem-
perature of 5K at different field strengths after cooling in a magnetic field of
9T along the crystal’s [111] axis. The sharp jump at φ = 90◦ in the angular
dependence (left) indicates that the easy axis is along the crystal’s [111] di-
rection (φ = 0◦). This is visualized in plotting the magnetic torque against
the projection of the magnetic field on the [111] axis (right): The sign of τ
changes simultaneously with the sign of the projected H. The observation of
only one easy axis confirms that a magnetic single domain state was achieved
during cooling in the magnetic field.

achieving a single domain state, a magnetic field of µ0H = 9T was applied along the
crystal’s [111] direction in the cubic phase, while cooling it down until the rhombohedral
phase was reached. To check if the selection of one single easy axis was successful, the
magnetic torque τ was measured as a function of the field direction in the [11̄0] plane.
The results, shown in Fig. 6.2, reveal that indeed this single domain state was achieved,
with the easy axis along [111]. Plotting the magnetic torque versus the projection of the
magnetic field on this axis is a useful visualization of this spin flip.
Next, the cycloidal phase was characterized by measuring the magnetic torque at

small magnetic fields of µ0H = 20mT and at temperatures of 8.5K and 10K, where no
unexpected features were observed. The angular dependence resembles a sin(2φ), which
satisfies the symmetry of the rotation of a thin plate sample in a fixed magnetic field.
The small values correspond to the small net magnetization as measured in [90].

Finally, the transition of the cycloidal phase into a skyrmion lattice was determined
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Figure 6.3: The magnetic torque along the GaV4S8 crystal’s [11̄0] direction in an applied
magnetic field of 200Oe and at temperatures of 10K (orange) and 8.5K
(blue) after cooling in a magnetic field of 9T along the crystal’s [111] axis.
The observed magnetic torque is rather small and exhibits an uneven shape.
This might be a result of experimental artifacts like some misalignment of
the sample or mechanical stress in the sensor.

(Fig. 6.4). For this purpose it is important to bear in mind that only one easy axis
is present in the sample. Therefore it proves useful to take into the projection of the
magnetic field onto the [111] direction, as shown in Figs. 6.2, 6.3, 6.4 on the right side.
In this way, the exact position of the transition in the field-temperature diagram can be
determined. We extract by the two presented measurements that the magnetic transition
occurs for a temperature of 11K at a field of 30mT and for 12K at 25mT. This fits
very well the previously determined values in [90].

6.2 Magnetic anisotropy in the antiferromagnetic
multiferroic Mn2Mo3O8

As reported in [99], the polar ferrimagnet Mn2Mo3O8 undergoes three different magnet-
ically ordered phases, when an external field of up to 14T is applied along the crystal’s
c-axis, as detectable by the different slopes in the magnetization curve Fig. 6.5b. To com-
plement these measurements with additional information about the magnetic anisotropy,
the magnetic torque around the crystal’s c-axis was measured (Fig. 6.6). An extended
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Figure 6.4: The magnetic torque along the GaV4S8 crystal’s [11̄0] direction at a tem-
perature of 11K (red) and 12K (green) after cooling in a magnetic field of
9T along the crystal’s [111] axis. The two sharp jumps in the angular de-
pendence (left) correspond to phase transitions between the cycloidal- and
skyrmion-phase. For a better visualization τ is plotted against the projec-
tion of the magnetic field on the [111] direction. The shift of the transition
to lower fields for 12K is in agreement with the literature values [90].

two-sublattice antiferromagnetic classical mean-field model was developed in [99], which
is in good agreement with the experiment, as discussed in the following.

6.2.1 Manganese Molybdenum Oxide

The investigated sample, Manganese Molybdenum Oxide, is a compound of theM2Mo3O8

(M = transition metal) crystal family, which belongs to the polar P63mc space group.
Interest in this material group arises from the exhibition of a strong magnetoelectric
effect, which was recently observed in M = Fe and is considered the largest magneti-
cally switchable electric polarization among single-phase multiferroic crystals [17; 100].
Furthermore, a vast amount of different spin structures, which can be transformed into
each other by an external magnetic field, were observed in this material class, which still
awaits for being fully described microscopically. For a first understanding of the mag-
netic properties of this crystal family, the measurement of three magnetic phases in the
compound Mn2Mo3O8 offers a reasonable starting point [99]. The magnetic properties
arise from the Mn2+-ions (S = 5/2, L = 0) occupying sites, which are half octahedrally
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6 Identifying Quantum Phase Transitions by Torque Magnetometry

coordinated and half tetrahedrally coordinated by oxygen anions.

6.2.2 Magnetization
Below the Néel temperature of TN = 41.5K the spins of the octa- and tetrahedral
sites align antiparallel along the hexagonal axis of the crystal, i.e. the easy axis in
the ferrimagnetic ground state [88]. At the lowest temperature the magnetic moments
of both sites compensate each other, which is not the case at higher temperatures,
indicating different temperature dependencies, giving rise to a spontaneous non-zero net
magnetization. However, at lowest temperature the compensation of both moments can
be lifted by the application of an external magnetic field [89], as measured in a Vibrating
Sample Magnetometer for field strenghts of up to 14T and shown in Fig. 6.5. For fields
perpendicular to the hexagonal c-axis a linear increase of magnetization is induced,
while a field along the c-axis only induces a magnetization at field strengths above 4T.
While the compensation of moments still holds below this field, a smooth increase of
the magnetization is induced above this transition field indicating a spin-reorientation.
A second transition emerges when the magnetization asymptotically reaches the linear
susceptibility of the H ⊥ c case, which remains constant for up to 14T.

6.2.3 Magnetic Torque
The microscopic model of the magnetic moments is developed based on the magnetiza-
tion curves (Fig. 6.5) and the measurements of the magnetic torque, measured for angles
around the crystal’s c-axis. A plane-parallel c-cut sample was used for this investigation.
Below the first transition µ0HC1 the magnetization curves are characteristic for easy

axis antiferromagnets, i.e. zero magnetization for fields along the easy axis and a constant
susceptibility for fields perpendicular to the easy axis. As visualized in Fig. 6.5 a,b the
moments are assumed to be antiparallel along the crystal’s c-axis and cant for the applied
field H ⊥ c, which leads to a non-zero magnetization along this direction. The relatively
low values of the critical fields along the c axis and the identical susceptibility for H ‖ c
and H ⊥ c in fields above HC2 indicate a nearly isotropic spin-system.
The smooth increase of the magnetization between the two transition fields, results

from competing anisotropies. The magnetization is not parallel to the external field, as
illustrated in Fig. 6.5b and described by the enclosed angle θM in Fig. 6.5c. This angle
should lead to a non-zero magnetic torque (Eq. 2.3). However, the system is unstable for
magnetic fields along the c-axis, since the magnetization component perpendicular to
the field has no preferred orientation in the ab-plane. Therefore the measurements of τ
were performed not only for an angle between field direction and c-axis ϑ of ≈ 0◦, where
the preferred canting direction is induced by a non-controlled misalignment, but also
with a controlled offset of ϑ ≈ ±1◦ towards the crystal’s a-axis (Fig. 6.6). The model
calculations provide a good explanation for those angles, as presented in Fig. 6.6b.
The characteristic peak in the magnetic field dependence of the magnetic torque in the
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HC1 < H < HC2 field regions, corresponds to the maximum of θM (Fig. 6.5c). The small
hysteresis observed at these fields for some angles are most likely explained by mechan-
ical instabilities of the experimental setup. The constant torque above HC2 is due to
the compensation of the decreasing angle θM and the increasing magnetization ampli-
tude (Fig. 6.5b). Due to the good agreement of calculation and experiment in Fig. 6.5
and 6.6, we can conclude that the the magnetic properties are well described by this
simple microscopic model, which is further developed by THz absorption spectroscopy.
The measurements of the spin-wave frequencies enables the extraction of the magnetic
exchange and g-factor parameters, as presented in [99].

6.3 Summary
We were able to reveal the magnetic phase transitions of two systems by torque mag-
netometry. The conventional measurement technique to determine the transition fields
is by magnetization curves. The emergence of sharp features in the magnetic torque
proved to be an excellent complimentary experimental approach to accurately obtain
these transition fields. This is especially true for the cycloidal-skyrmion phase transition
in GaV4S8. In Mn2Mo3O8the canting of the magnetic moments could be resolved by
combining magnetization curves with measurements of the magnetic torque as well.
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6 Identifying Quantum Phase Transitions by Torque Magnetometry

Figure 6.5: Magnetic field dependence of the magnetization of Mn2Mo3O8 at T = 2 K.
Magnetic field is perpendicular (a) and parallel (b,c) to the c axis. The red
solid line corresponds to the experiment, while the blue dashed line corre-
sponds to the model calculation. The orange and blue arrows illustrate the
magnetic moments of the two sublattices in different magnetic fields pointing
horizontally/vertically for (a) and (b), respectively. The experimental curve
of the H ⊥ c case is repeated in (b) as black dotted line for comparison.
Panel (c) shows the calculated angle θM enclosed by the magnetization and
the magnetic field. The presented measurements (a,b) were performed by An-
ton Jesche at the Center for Electronic Correlations and Magnetism of the
University of Augsburg and the model was calculated by David Szaller [99].
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Figure 6.6: Magnetic field dependence of the magnetic torque in Mn2Mo3O8 at T = 2 K.
(a) experiment and (b) model calculation. The angle included between the c
axis and the magnetic field is denoted by ϑ, where the ± signs represent the
directions towards the ±a-axes.
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7 Radiative Damping in
Yttrium-Iron-Garnet Films

In this chapter1 we present the investigation of the magnetic equivalent of electric super-
radiance in yttrium iron garnet (YIG) thin films. The ferrimagnetic resonance is analyzed
for two samples of different thicknesses in a quasi-optical sub-THz transmission spec-
troscopy with an applied magnetic field in two different geometries (Chapter 2.3). The
magnetic superradiance can be easily separated from the intrinsic damping, both of them
leading to a broadening of the resonance signal, by a straightforward analysis, based on
Maxwell’s equations.

7.1 Introduction
Since the current CMOS-based electronics is soon to reach its limitations [102], the design
of fundamentally new ways to forward, process, and store information is of vital impor-
tance. One possible direction is offered by magnonics, where information is manifested
in the magnetic state of matter and forwarded as an oscillating magnetic wave (magnon)
[103]. The lifetime of such an excited state, usually in the microwave frequency range,
is a crucial factor when designing potential applications. Besides their use in informa-
tion technology, the research of magnonic systems with long-lifetime excitations is also
motivated by their role as model systems of fundamental physical effects, such as Bose-
Einstein condensation and other macroscopic quantum transport phenomena [104; 105].

Lifetime measurement of various excited states is an essential tool for analyzing physi-
cal, chemical, and biological processes and making spectroscopic state assignments [106].
The most direct way is to observe the transient optical signal following the excitation
pulse, typically in luminescence, and by fitting the exponential decay, the lifetime of
the corresponding excited state can be determined [107]. Another approach involves the
phase shift of the response as compared to the modulated excitation signal [108].

The third method utilizes Heisenberg’s uncertainty principle, which connects the life-
time of a state to the uncertainty of its energy [109], resulting in the natural line broaden-
ing of the spectroscopic absorption or emission signal. However, starting from the earliest
spectroscopic experiments, the intrinsic natural broadening is dominated by other phe-
nomena, such as the collision between particles and the Doppler-effect due to thermal mo-
tion in the atomic spectral lines of gases [110]. In case of microwave magnetic resonance

1This chapter is based on a paper that is about to be published [101].
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7 Radiative Damping in Yttrium-Iron-Garnet Films

measurements, where the magnetic sample is coupled to the GHz-radiation typically by a
coplanar waveguide, the two main contributions to the non-intrinsic linewidth result from
eddy currents induced either in the conducting sample [111] or in the waveguide [112],
which effects are termed eddy-current- and radiative damping, respectively [113].
In several cases when intrinsic damping is low and the density of oscillators is high,

the damping due to coherent radiation starts to dominate, the effect known as superra-
diance [114]. Superradiance denotes coherent emission of uncoupled emitters when inter-
acting with the same mode of electromagnetic wave, predicted in the Dicke-modell [115]
and observed both in gases inside of an optical cavity [116; 117; 118], in metamateri-
als [119; 120], and in two-dimensional electron gases [121; 122; 123; 124].
The concept of superradiance was first discussed by Dicke for two-level molecules in a

gas [115]. More general, superradiance is now considered as the coherent radiative emis-
sion by a system of uncoupled oscillators, which are connected only by their interaction
with the same mode of an electromagnetic wave. In recent years new interest arose (e.g.
[114]) from the investigation of superradiance at the cyclotron resonance, which couples
to the electric field of the light, in two-dimensional electron gases [121]. In this case the
superradiance can dominate the intrinsic damping, when an applied gate voltage leads
to a high density of oscillators. However, to achieve the dominance of superradiance in
magnetic oscillators is not as simple, since the material parameters limit the oscillator
density and the magnetic coupling to the light wave is rather small. Therefore an ap-
proach of separating the intrinsic and radiative contributions to the linewidth of the
resonance signal is developed and applied to a wide range of measurements, which is ob-
tained by the variation of resonance frequency, experimental geometry (Faraday/Voigt)
and sample thickness.

7.2 Experimental Method

For this investigation two thin films of Y3Fe5O12 (YIG) grown by liquid epitaxy on a
paramagnetic Gd3Ga5O12 (GGG) substrate were chosen due to the strong and sharp
ferrimagnetic resonance of YIG and the well known properties of both compounds. The
first sample is a 3µm thick YIG film on a 537µm GGG, while the second sample consists
of two 6.1µm YIG-films on both sides of a 471µm thick GGG substrate. Since the
thickness of the thin films is crucial for the interpretation of the optical experiments, for
quality control, static magnetization measurements were performed in a vibrating sample
magnetometer (Chapter 2.2) and in the temperature range of 5 - 300K, as shown in
Fig. 7.1. The thickness of the YIG layer in the sample was accurately determined from the
magnitude of the observed magnetization step at a small magnetic field, corresponding
to the switching of the ferrimagnetic magnetization of the YIG film (Fig. 7.1).
The measurements were performed in Voigt geometry with a linearly polarized beam

in the phase-sensitive Mach-Zehnder setup and in Faraday geometry at the exact same
frequencies with a circularly polarized beam in the transmission-only mode (see Chap-
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7.2 Experimental Method

Figure 7.1: The temperature dependent ferrimagnetic magnetization of the YIG film is
shown for the sample consisting of one 3µm thick YIG layer and the sample
consisting of two 6.1µm thick YIG layers on top of the GGG substrate. In
the inset the magnetization as a function of magnetic field is shown for both
samples, normalized with the area of the thin film. Therefore the magnitude
of the step in magnetization corresponds directly to the thickness of the films.
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7 Radiative Damping in Yttrium-Iron-Garnet Films

ter 2.3). During the measurements, the sample temperature was kept at 200K.

7.3 Analyzing the Transmission Spectra and
Separating Intrinsic and Radiative Damping

The transmission spectra have been analyzed using the Fresnel optical equations for
a multilayer system [125], assuming a Lorentzian line-shape for the ferri/paramagnetic
resonance in the magnetic permeability of the YIG film and the GGG substrate, respec-
tively. As discussed below, to visualize the effects of magnetic superradiance, simplified
expressions for the transmission coefficient are more appropriate. This procedure allows
a direct estimate of the relevant material parameters from the spectra. The magnetic
resonances of the system are shown in Fig. 7.2.
In the following we present the basic steps of the thin film approximation, which are

necessary to analyze the magnetic radiative damping. Similarly to the case of cyclotron
superradiance in semiconducting films [114; 126], the effect can only be observed in
samples which are thin compared to the radiation wavelength. In the opposite case of
the thick sample, the "superradiated" wave is re-absorbed, thus forming the propagation
wave within the material.
The response of the magnetic moment M of YIG to an external magnetic field H is

given by the Landau-Lifshitz-Gilbert equation of motion [127]

dM
dt

= −γµ0 (M×H) +
α

M0

(
M× M

dt

)
, (7.1)

where γ denotes the gyromagnetic ratio, M0 the saturation magnetization, α the dimen-
sionless Gilbert damping parameter, and µ0 the vacuum permeability. Here we assumed
that the oscillation is coherent in the sample, due to the monochromatic incoming light
of the same phase and the small thickness of the films.
In case of an incoming THz beam with frequency ω and within Faraday geometry

the magnetic field in the film is given by H =
(
hxe

iωt, hye
iωt, HF

0

)
. Here hx,ye

iωt is the
oscillating (AC) field in the sample plane, HF

0 is the strength of the static (DC) magnetic
field in the material given by HF

0 = |H0 − M0|, with the applied external field H0.
Linearizing Eq. (7.1), we finally get the standard result for the magnetic susceptibility
for the circularly polarized light in the Faraday geometry:

χF
± =

m±
h±

=
γM0

ωF
0 ∓ ω + iαω

, (7.2)

wherem±, h± are the circular AC magnetization and field, respectively, and ωF
0 = γ|H0−

M0| is the ferromagnetic resonance frequency.
Similarly, in the Voigt geometry with linearly polarized light H = (H0, hye

iωt, 0) the
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Figure 7.2: Magnetic field dependence of the transmission of a YIG/GGG system at
ω = 111 GHz. The solid orange curve shows the experiment and the dashed
green line the fit using the Fresnel equations [125]. The broad minimum
around a magnetic field of 4.0T corresponds to the paramagnetic resonance
in GGG, while the sharp minimum at 4.15T is due to the ferrimagnetic
resonance in YIG. The inset shows the expanded view of this resonance in
YIG. The underlying physical processes, namely magnetic absorption and
coherent emission, are depicted in the schematic cartoons.
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susceptibility is obtained as

χV
y =

(ωV
0 )2M0/H0

(ωV
0 )

2
+ (α− i)2 ω2

, (7.3)

with ωV
0 = γ

√
H0(H0 +M0) resonance frequency.

To obtain the radiative contribution to the damping, we consider the transmission
through a magnetic sample in the thin film approximation [128; 129]. In this approx-
imation, the boundary conditions are rewritten, taking the thin film as a part of the
boundary. For the Faraday geometry with circularly polarized light, we use the Maxwell
equations ∮

∂A

E · dl = −
∫∫

A

∂B

∂t
· dA∮

∂A

H · dl =

∫∫
A

∂D

∂t
· dA

(7.4)

to obtain the fields on both sides of the film:

e0
± − er± − et± = −iωdµ0 (h± +m±)

h0
± + hr

± − ht
± = iωde±εε0 .

(7.5)

On the left-hand side of Eq. (7.5), (e) and (h) are the AC electric and magnetic fields
of the incident (0), reflected (r) and transmitted (t) wave. On the right-hand side, within
the thin-sample approximation, the linear dependence of the AC electric and magnetic
fields along the surface normal of the sample is assumed. Thus, e±, h± and m± are the
mean values of the corresponding fields and of the magnetization inside the film. Here
d denotes the sample thickness, and ε, ε0 stand for the electric permittivity of YIG and
vacuum, respectively. To obtain Eq. (7.5), the integration path in the Maxwell equations
must be taken across both sides of the sample.

The AC electric and magnetic fields are connected via e = Z0h/n1,2, where Z0 =√
µ0/ε0 is the impedance of free space, and n1,2 is the refractive index of the dielectric

media on both sides of the film. To further simplify the final expressions, for frequencies
close to the ferromagnetic resonance, we assume χF

± � 1 and neglect all smaller terms.
After some simple algebra, the transmission coefficient is obtained as:

tF± =
ht
±

h0
±

=

(
1

2
+

1

2n
+
iωdµ0χ

F
±

2Z0

)−1

, (7.6)

where n stands for the refractive index of the substrate (GGG in our case).

In order to obtain relative transmission due to the magnetic resonance in YIG, Eq. (7.6)
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should be normalized by the transmission2 through the pure substrate, t|d=0:

t±F

t±F |d=0

= 1− iΓF
rad

ω0 − ω + iαω + iΓF
rad

, (7.7)

where we introduce the radiative damping parameter as

ΓF
rad =

n

Z0(n+ 1)
ωdµ0γM0 = 2π

n

n+ 1

d

λ
γM0. (7.8)

Here λ is the radiation wavelength.
In the case of Voigt geometry, the normalized transmission for a linearly polarized

wave with hy results in the same expression as in Eq. (7.7), where the superradiant
damping parameter is replaced by

ΓV
rad =

ΓF
rad

2
. (7.9)

In the case of electric superradiance in thin films the corresponding equation reads [126]

Γrad = n2De
2Z0/2m. (7.10)

Here n2D is the density, e the charge, and m the effective mass of two-dimensional elec-
trons. In the electric case, to control the ratio between intrinsic and radiation damping,
the electron density can be easily changed by variation of the gate voltage [126]. In the
magnetic case the parameter responsible for the radiance intensity is the static mag-
netization M0 that can be modified by tuning the temperature. An alternative way to
control the superradiance is by changing the sample thickness d, as seen in Eq. (7.8).

Eq. (7.7) provides an expression for a resonant minimum in transmission with an ef-
fective width given by the sum of intrinsic (α) and radiative (ΓF

rad) parts. Since both
the amplitude and the linewidth of the peak in Eq. (7.7) contains ΓF

rad, the power of
the secondary re-emitted wave grows with the square of the number of magnetic mo-
ments due to ΓF

rad ∼ M0d. This scaling is characteristic for coherent radiation, such as
superradiance.

According to Eq. (7.7), compared to an intrinsic damping Γint = αω, the resonance
is additionally broadened by the radiative damping Γrad. As illustrated in Fig. 7.3, the
analysis of the linewidth and amplitude of the resonance according to Eq. (7.7) provides
a way to directly obtain both damping parameters independently.
Fig. 7.2 shows the typical magnetic field dependent transmission of YIG films on

GGG substrate. The sharp minimum at 4.14T that corresponds to the ferrimagnetic
resonance of YIG is observed on top of the broad paramagnetic resonance of the GGG

2In case of two films on both sides of the substrate the transmission in the same approximation is
given by t(2d) = |t(d)|2.
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Figure 7.3: Ferrimagnetic resonance linewidth in YIG at f = 104 GHz frequency. Res-
onance curves correspond to the intrinsic damping (Im(µ), green) and ob-
served superradiance effects in the Faraday (red open circles) and Voigt (red
filled diamonds) geometries. The horizontal axis shows the magnetic field
H relative to the corresponding resonance field H0. Red labels on the left
vertical axis belong to the experimental curves and indicate the transmitted
light intensity relative to the substrate’s transmission baseline. The inverse
scale on the green right axis corresponds to the imaginary part of the mag-
netic permeability. The frequency dependence of the ferrimagnetic resonance
fields (open/filled symbols for Faraday/Voigt geometry experiments) in two
YIG films of different thicknesses (d = 3 µm in blue and d = 6.1 µm in red)
is presented in the inset, where lines show theoretical expectations of the
resonance frequencies. The experimental points for both samples lie nearly
exactly on top of each other.
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Figure 7.4: Frequency dependence of the intrinsic damping parameter, α, which is ex-
tracted from fits of the resonance in transmission for samples with different
thicknesses (6.1µm - red, 3µm - blue). The measurement error is indicated
by bands of the corresponding colors.

substrate. The two resonances were fitted simultaneously using Fresnel equations for the
transmission of the layered system. The free parameters in such a fit are the saturation
magnetization of the YIG film M0, intrinsic damping α, and the resonance field Hres.
The refractive index of the GGG substrate, n = 3.43, was obtained in a separate exper-
iment [130]. The magnetic field dependence of the paramagnetic resonance frequency in
GGG corresponds to a g-factor of gGGG = 2.26.

The ferrimagnetic resonance field Hres of YIG shows an approximately linear depen-
dence on the frequency f (see inset in Fig. 7.3), which is expected in high magnetic fields
H0 �M0. From the fits to these data we estimate the values for the saturation magne-
tization µ0M0(T = 200K) = 0.22 ± 0.05T, in reasonable agreement with the literature
values [131] and with the static data, µ0M

VSM
0 = 0.198T, measured on the same sample

using vibrating sample magnetometry (Fig. 7.1).
Fig. 7.3 demonstrates that the ferrimagnetic resonance linewidth of YIG in the trans-

mission is indeed substantially higher than the actual resonance linewidth in the mag-
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Figure 7.5: Frequency dependence of the radiative damping. Points correspond to ex-
periments on the ferrimagnetic resonance in thin films, solid lines show cal-
culations according to Eqs. (7.8) and (7.9), while dotted lines give the value
of the intrinsic damping, αω, for comparison. Radiative damping from the
Voigt experiments is scaled by a factor of 2, according to Eq. (7.9).

netic permeability, µ(H). Moreover, the radiative correction in Faraday geometry is twice
as large as in Voigt configuration, in agreement with Eq. (7.9). The transmission spectra
allow us to extract the relevant electrodynamic parameters using different approaches.
In a first approach it can be done using the exact Fresnel expressions [125] including
the magnetic permeability given by Eqs. (7.2,7.3). Here the radiative damping is not a
free parameter [126] but is obtained via Eq. (7.8). The second way to compare intrinsic
and radiative damping is to use the simplified Eq. (7.7). In this case, the width of the
resonance curve directly gives the total damping parameter Γint +Γrad, and the radiative
damping is extracted from the amplitude of the resonance curves.
The values of intrinsic damping obtained from the present experiments are shown in

Fig. 7.4. As expected, the Gilbert damping parameter α in our samples is approximately
frequency-independent and agrees reasonably well with other reports (e.g. [132; 133; 134].
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Figure 7.6: Experimental confirmation of Eq. (7.8): The radiative damping Γrad is shown
in the units of n

n+1
d
λ
γM0, which should lead to a value of 2π for Faraday

geometry (empty symbols) and of π for Voigt geometry (full symbols). The
mean of the 6.1µm (red) and 3µm (blue) samples of both geometries is
indicated by the dashed lines and the corresponding error given by the gray
area.
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Fig. 7.5 shows the frequency dependence of the radiative damping at the magnetic
resonance. Γrad is proportional to the frequency and to the sample thickness as ex-
pected from Eq. (7.8). Comparing the values of the intrinsic (dotted lines) and radiative
damping, we see that in the thin film with d = 3µm, the intrinsic damping domi-
nates. On the contrary in the thicker film both contributions are of comparable values:
ωα ∼ Γrad(6.1µm).
Finally, by plotting the radiative damping in the units of n

n+1
d
λ
γM0 the Eq. (7.8) could

be confirmed, since the remainder gives π and 2π for Voigt (see Eq. (7.9)) and Faraday
geometry, respectively, which can be well reproduced, as demonstrated in Fig. 7.6. An
oscillation around those values is especially visible for the Faraday measurements, which
can be traced back to Fabry-Pérot interferences in the substrate.

7.4 Summary
We have presented a method to separate the intrinsic and radiative contributions to
magnetic thin films’ resonance linewidth in optical absorption experiments, including an
accurate determination of the intrinsic Gilbert damping parameter α. The coherent na-
ture of the radiative line broadening mechanism allows its identification as the magnetic
equivalent of superradiance, opening a fundamentally new way to study this collective
phenomenon in the dynamics of magnetic systems.
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8 Conclusions
In this work a diverse set of phenomena in magnetoelectric materials, obtained by a
wide range of experimental techniques, was presented and discussed. The selection of
static and dynamic setups enabled us for not only detecting the magnetoelectric effect
directly by measuring the magnetically induced electric polarization, but also to inves-
tigate further effects, like quantum phase transitions, an electron-phonon coupling and
the magnetic equivalence of superradiance.
For two rare-earth magnetoelectrics the effect was measured and modelled. In samar-

ium ferroborate we applied an already developed model to the high-field effect, which
allowed for correcting the Sm-Fe molecular field and, by complementing already pub-
lished measurements, to determine the g-factor of the samarium ions in this system.
Moreover, we reported the discovery of a small magnetoelectric effect of the sixth order,
which was not observed up to now.

In HoxLa3−xGa5SiO14 a profound study was conducted, revealing a puzzling magneto-
electric effect, which cannot be classified in the classic categories of linear versus higher-
order effects. The sixfold oscillation of the magnetically induced polarization, when the
magnetic field is swept around the threefold symmetry axis, indicates a magnetoelectric
effect of the sixth order, similar to samarium ferroborate. However, the electric polar-
ization becomes linearly dependent on the magnetic field strengths above a low field
threshold. In two steps we presented a simple phenomenological model, first solely based
on one easy axis for each of the three Ho-sites, which was then extended to also fit the
experimentally obtained magnetic anisotropy, by a two-easy axes approach. Both models
give a reasonable agreement of the magnetoelectric effect, whilst only the second model
gives a sufficient explanation of the magnetic torque and the angular dependent magneti-
zation. Nevertheless, we formulated some open questions, which have to be answered for
a complete understanding of the magnetic and magnetoelectric properties of the system.
The lowest lying crystal field level was obtained by measurements of the paramagnetic
resonance and the electric polarization induced by strong magnetic fields. Even though
it could indicate the energies of higher crystal field levels, a complete investigation of
the exact energies would be desired. Furthermore a strong magnetic field dependent low-
frequency excitation was discovered, which we identified as a phonon that seems to be
coupled to the crystal field levels of the holmiums 4f -electrons and, therefore, narrows
in magnetic fields along the threefold symmetry axis.

The torque magnetometry was further used to identify transitions between different
spin configurations in transition metal multiferroics. GaV4S8 was reported to have a
rather fine magnetic phase diagram at low temperatures and small fields. We were able
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8 Conclusions

to show that measurements of the magnetic torque provide an excellent experimental
confirmation of the proposed phase transitions between cycloidal spin structures and
Néel-skyrmions. Moreover, torque magnetometry was used to complement the magne-
tization curves of Mn2Mo3O8 to reveal the uneven canting of the magnetic moments
on two different sublattices. These studies prove the value of the experimental setup to
identify quantum phase transitions.
For the well known yttrium-iron-garnet thin films, the ferrimagnetic resonance at dif-

ferent frequencies was thoroughly investigated. The exceptional resolution of the back-
ward wave oscillators provided the opportunity to obtain small changes in the linewidth
of the sharp absorption lines. The high frequency of this optical approach provided a
precise way to determine the intrinsic Gilbert damping parameter. Based on the Maxwell
equations and the boundary conditions, we were able to derive that besides the inter-
nal damping, a radiative damping term shortens the lifetime of the excitation, which
could be verified by the experiments with different configurations of sample thickness
and magnetic field direction.
This work demonstrates that magnetoelectric materials provide an intriguing research

topic, even apart from the linear magnetoelectric effect, which the research is often
focused on. Not only higher-order effects in highly symmetric paramagnetic compounds,
but also dynamic phenomena, like magnetic superradiance or electron-phonon coupling
are calling for further research.
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