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We present a comprehensive series of results of electrical transport 共electrical conductivity, magnetoconductivity, Hall effect兲, thermal 共specific heat兲, and optical 共reflectivity兲 measurements in varying temperature
ranges between 1.5 and 300 K on high-quality single-grain quasicrystals of icosahedral Y-Mg-Zn. This data set
is augmented by the specific-heat and optical-reflectivity data obtained from a single-grain quasicrystal of
icosahedral Tb-Mg-Zn. For Y-Mg-Zn, both the electrical conductivity  (T) and magnetoconductivity ␦  (H)
may be described by calculations considering quantum interference effects. A detailed comparison of the
weak-localization contributions to  (T) and ␦  (H) with our experimental data provides estimates of the
inelastic and spin-orbit relaxation rates. The inelastic relaxation rate is found to be proportional to T 3 . The
dominant contributions to the optical conductivity  1 (  ) spectrum, obtained from the reflectivity R(  ) data in
the frequency range between 16 and 9.7⫻104 cm⫺1 , are a strong Drude feature at low frequencies and a
prominent absorption signal centered at approximately 6⫻103 cm⫺1 . A comparison of the spectral weight of
the Drude contribution to  1 (  ) with the magnitude of the linear-in-T term ␥ T of the low-temperature specific
heat C p (T) yields the itinerant charge-carrier density n i⫽7.62⫻1021 cm⫺3 or 0.13 charge carriers per atom.
The low n i value is corroborated by the results of the Hall effect measurements. For Tb-Mg-Zn, the optical
conductivity  1 (  ) spectrum reveals features similar to those of Y-Mg-Zn. The low-temperature specific heat
C p (T) of Tb-Mg-Zn is strongly influenced by a spin-glass-type freezing of Tb moments and by crystalelectric-field effects.

I. INTRODUCTION

A thermodynamically stable icosahedral phase in the
Y-Mg-Zn alloy system was identified by Luo and
co-workers.1 Its powder x-ray-diffraction pattern turned out
to be identical with the Y-Mg-Zn Z-phase found more than a
decade earlier by Padezhnova and co-workers.2 Subsequent
investigations have shown that thermally stable icosahedral
phases also form when Y is fully substituted by Tb, Dy, Ho
or Er.3,4 These are, so far, the only stable phases that allow
the study of the features of localized 4 f magnetic moments
arranged on an icosahedrally ordered quasiperiodic lattice.
Icosahedral quasicrystals in the R-Mg-Zn (R⫽Y, Tb,
Dy, Ho or Er兲 ternary systems crystallize in a face-centeredicosahedral 共fci兲 structure of the Frank-Kasper type. This sets
them apart from Al-based thermodynamically stable fci
phases, which crystallize in a Mackay-icosahedron-type
structure. Icosahedral R-Mg-Zn phases melt incongruently,
i.e., they decompose before melting. Investigations of the
thermal and transport properties of these phases have previously been carried out on polygrain and often multiphase
samples. Recent advances in the growth of single-grain
R-Mg-Zn quasicrystals,4 which were based on the ternary
phase diagram reported by Langsdorf and co-workers,5 have
eliminated the occurrence of second phases and effects of
grain boundaries upon the measured properties. The structural quality of these single-grain quasicrystals, as revealed
by recent high-resolution transmission electron microscopy
0163-1829/2000/62共1兲/262共11兲/$15.00
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共HRTEM兲 and x-ray-diffraction experiments sets them
among the best highly ordered icosahedral phases.6
In view of the high structural perfection and the rather
low electrical resistivities that fall in the range between 150
and 200  ⍀ cm,7 i.e., distinctly lower than the values previously reported for other thermodynamically stable icosahedral phases, single-grain R-Mg-Zn quasicrystals may be classified as highly ordered icosahedral metals, thus not
corroborating the views that structurally perfect icosahedral
phases are either poor conductors or insulators. In order to
gain a better understanding of the ground state of the icosahedral R-Mg-Zn phases, it seemed of interest to investigate
the low-temperature electronic and thermal properties. Here
we report the results of measurements of thermal 共specific
heat兲, electrical transport 共electrical conductivity, magnetoconductivity, Hall effect兲 and optical properties 共reflectivity兲
of single-grain quasicrystals of icosahedral Y-Mg-Zn in different temperature ranges between 1.5 and 300 K. We also
present results for the specific heat and optical reflectivity of
icosahedral Tb-Mg-Zn.
II. SAMPLES AND EXPERIMENTS

Single-grain quasicrystals of icosahedral Y-Mg-Zn and
Tb-Mg-Zn with sizes of up to 5 mm were grown by slow
cooling of ternary melts containing excess magnesium and
zinc.4 For Y-Mg-Zn the starting composition was chosen
based on the primary solidification area of the icosahedral
phase, as identified by Langsdorf and co-workers.5 Some ad262
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justment of the starting composition was necessary to grow
icosahedral Tb-Mg-Zn.4 Following the growth, the undecanted flux was removed from the surface by a dilute solution of nitric acid in methanol. Using quantitative x-ray microanalysis, the composition of the Tb-Mg-Zn single grains
was found to be 9 at.% Tb, 34 at.% Mg, and 57 at.% Zn,4
i.e., very close to the composition of icosahedral Y-Mg-Zn
reported in Ref. 5. The specimens were cut from the single
quasicrystals using spark-erosion. Thermal and optical measurements were performed on the specimens in the form of
plates with approximate dimensions 3⫻3⫻1 mm. A specimen of iocsahedral Y-Mg-Zn in the form of a prism
0.4⫻0.4⫻3 mm in size was used for electrical transport
measurements. Both Y-Mg-Zn specimens were cut from adjacent parts of the same single-grain quasicrystal.
The electrical conductivity, the magnetoconductivity, and
the Hall effect were measured by a standard low-frequency
ac technique in different temperature ranges between 1.8 and
250 K and in magnetic fields of up to 70 kOe. The magnetoconductivity was measured in a transverse configuration,
i.e., the magnetic field H was applied perpendicular to the
electrical current I. For the Hall effect measurement, a standard setup with the two Hall voltage contacts fixed along a
line perpendicular both to the current I and to the magnetic
field H was used. A capacitance thermometer was used to
stabilize the temperature, and at each temperature point, the
magnetic field was varied stepwise. In order to eliminate the
misalignment voltage, at each magnetic field setting, the Hall
voltage was measured with the sample in two different orientations, 180° apart.
A conventional relaxation-type method was used for the
specific-heat C p (T) measurements. A sapphire disk onto
which a heater and a Ge-Au thermometer had been evaporated was weakly thermally coupled to a heat sink held at a
constant temperature. The samples were mounted on the disk
using a thin layer of Apiezon grease. The temperatures in the
range between 1.5 and 20 K were reached in a pumped 4 He
cryostat.
The optical reflectivity R(  ) has been measured in the
frequency range between 16 and 9.7⫻104 cm⫺1 , i.e., over
almost four orders of magnitude in frequency, using four
spectrometers with overlapping frequency ranges. In the farinfrared range 共FIR兲 we used a Bruker IF113v Fourier interferometer with a Hg arc-light source and a He-cooled Gebolometer detector, while from the FIR up to the midinfrared
range a fast-scanning Bruker interferometer IFS48PC was
used. A homemade spectrometer based on a Zeiss monochromator and a McPherson spectrometer were employed in the
visible spectral range and in the ultraviolet spectral range,
respectively. From the midinfrared down to the FIR we have
used the reflectivity of gold as reference. All measurements
have been made at 300 K and in the FIR range also at selected fixed temperatures between 6 and 300 K. Upon completing the measurements, the surfaces of both samples were
polished and the measurements were performed again, without any noticeable change in the R(  ) data.
III. RESULTS, ANALYSIS, AND DISCUSSION
A. Electrical transport in icosahedral Y-Mg-Zn
1. Electrical conductivity and magnetoconductivity

Our electrical conductivity  (T) data for Y-Mg-Zn taken
in nominally zero magnetic field between 1.8 and 150 K is
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FIG. 1. Electrical conductivity  of a single-grain quasicrystal
of icosahedral Y-Mg-Zn as a function of temperature T between 1.8
and 150 K.

displayed in Fig. 1. Within this temperature range, the overall variation of the conductivity  amounts to 3% of the total
conductivity. In the whole covered temperature range  increases monotonically with increasing T. A tendency to a
decreasing slope d  /dT is evident above approximately 5 K
and at 14 K the  (T) curve exhibits an inflection point.
Above 14 K, the slope d  /dT of the conductivity curve increases with increasing temperature T. The shape of the
 (T) curve and the conductivity values are close to those
previously reported for single-grain quasicrystals of icosahedral Y-Mg-Zn.7 As we shall discuss below, the observed
behavior of  (T) above 14 K can quantitatively be described
by considering weak-localization effects in the presence of
spin-orbit scattering. A contribution to  (T) due to another
mechanism is necessary, however, to account for the temperature variation of the conductivity  (T) between 1.8 and
14 K.
The magnetoconductivity ␦  (H) data taken at selected
fixed temperatures in the range between 4 and 30 K and in
magnetic fields of up to 70 kOe are shown in Fig. 2. Because
␦  (H) is obtained as the small difference between two large
quantities  (H) and  (0), which are inversely proportional
to extremely small measured voltages along the sample, the
scatter of the data points is considerable. At 4 K and at 7.8 K,
␦  (H) first is increasingly negative with increasing magnetic field H, passes through a minimum, and then tends to
positive values with further increasing H, changing sign near
4.3 and 3.3 kOe, respectively. For T⫽20 and 30 K, ␦  is
positive in the whole covered magnetic-field range and increases monotonously with increasing magnetic field H. This
␦  (H) behavior may be interpreted as a manifestation of
quantum-interference effects when spin-orbit scattering is
present. We recall that in the weak-localization regime,
quantum-interference effects give a magnetoconductivity
␦  (H) that is positive when the spin-orbit scattering is
⫺1
⫺1
⫺1
Ⰶ  ⫺1
denote the spinweak, i.e.,  so
i , where  so and  i
orbit and inelastic scattering rate, respectively. In the inter⫺1
⬃  ⫺1
the magnetoconductivity ␦  (H)
mediate regime  so
i
changes sign from negative to positive with increasing magnetic field and it remains negative in the limit of strong spin⫺1
8
orbit scattering  so
Ⰷ  ⫺1
i . For Y-Mg-Zn, the magnetocon-
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eV⫺1 atom⫺1 , calculated from the Sommerfeld coefficient
␥ el⫽0.623 mJ mol⫺1 K⫺2 , as obtained from the lowtemperature specific-heat measurements performed on a
sample cut from the same single grain of icosahedral
Y-Mg-Zn 共see Sec. III B兲 and assuming that  B ⫽  (0),
where  (0)⫽4.91⫻103 ⍀ ⫺1 cm⫺1 is the residual conductivity, we estimate the electron diffusion constant D to be
2.24 cm2 /s. We note that the weak-localization effects may,
in principle, lead to a difference between the Boltzmann conductivity  B at zero temperature and the residual conductivity  (0). Considering the residual conductivity ratio that is
very close to unity and the rather large value of the electron
diffusion constant D, the relative uncertainty in our estimate
of D is expected to be small, however.
We first focus on the influence of spin-orbit scattering on
the conductivity in the regime of weak localization. Spinorbit scattering leads to weak antilocalization, which is manifest as a region of negative slope d  /dT of the  (T) curve at
⫺1
the lowest temperatures where  ⫺1
i (T)Ⰶ  so . A crossover
between the regime of weak antilocalization to the regime of
weak localization leads to a shallow minimum in the  (T)
⫺1
curve. The depth of this minimum at T min where  so
⫺1
⫽2  i , is

␦  WL共 0 兲 ⫺ ␦  WL共 T min兲 ⫽ 共 3⫺2 冑2 兲
FIG. 2. Magnetoconductivity ␦  of Y-Mg-Zn as a function of
magnetic field H at selected fixed temperatures in the range between
4 and 30 K. The solid lines are fits of Eq. 共4兲 to the ␦  (H) data, as
explained in the text.

ductivity ␦  (H) curves taken below 8 K are characteristic
⫺1
⬃  ⫺1
for moderate spin-orbit scattering  so
i . Above 20 K,
however, the ␦  (H) data indicate that spin-orbit scattering is
⫺1
Ⰶ  ⫺1
now weak, i.e.,  so
i . A crossover from the regime of
moderate spin-orbit scattering to the regime of weak spinorbit scattering, reflected by a change in the type of the ␦ 
vs H variation, occurs because the inelastic scattering rate
 ⫺1
rapidly increases with increasing temperature T.
i
We first analyze the temperature variation of the conductivity  (T) measured in zero magnetic field between 1.8 and
150 K, and subsequently discuss the behavior of the lowtemperature magnetoconductivity ␦  (H). The weaklocalization correction in the presence of spin-orbit scattering
is given by9

␦  WL共 T 兲 ⫽

e2
2 ប
2

⫺

冑

冉冑
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1
1
⫹
D  so 4D  i
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4D  i

冑冊

1
,
D so

共1兲

where D is the electron diffusion constant. In Eq. 共1兲, the last
temperature-independent term is commonly added so that
␦  WL(T) tends to 0 at T⫽0. The electron diffusion constant
D may be estimated using the Einstein relation for the electrical conductivity  B ⫽e 2 N(E F )D, where  B is the classical
Boltzmann conductivity and N(E F ) is the density of electronic states at the Fermi energy. With N(E F )⫽0.263 states
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Above T min , the weak-localization correction ␦  WL(T) to
the conductivity increases with increasing T. At high tem⫺1
peratures where  ⫺1
i (T)Ⰷ  so , ␦  WL(T) no longer depends
⫺1
on  so
and Eq. 共1兲 reduces to

␦  WL共 T 兲 ⫽

e2

1

2  2ប

冑D  i

.

共3兲

The temperature variation of the electrical conductivity  in
the weak-localization regime is determined by the inelastic
10
which is assumed to follow a
scattering rate  ⫺1
i (T),
⫺1
simple power law  i ⬀T p . The value of the exponent p is
determined by the dominant scattering mechanism. Electronphonon scattering is expected to lead to p⫽3 and p⫽2 for
pure and dirty metals, respectively.8,11,12 An exponent p⫽2
is predicted for electron-electron scattering in pure metals,8
whereas electron-electron scattering in impure metals has
been claimed to yield p⫽3/2.13,14 For Y-Mg-Zn, a stronger
than linear-in-temperature variation of the electrical conductivity  (T) indicates that p⬎2. As we discussed above, our
␦  (H) curves indicate that a crossover from the regime of
⫺1
moderate spin-orbit scattering  ⫺1
i ⬃  so to the regime of
⫺1
⫺1
weak spin-orbit scattering  i Ⰷ  so occurs at a temperature
between 7.8 and 20 K. In the regime of weak spin-orbit
scattering, the weak-localization correction ␦  WL(T) is ex关see Eq. 共3兲兴. Assuming that the inpected to vary as  ⫺1/2
i
elastic scattering rate can indeed be described by a simple
p
p/2
power law  ⫺1
i ⬀T we obtain ␦  WL⬀T . Our  data plot3/2
ted versus T between 20 and 150 K in Fig. 3 reveals the
data points to lie along a straight line, thus indicating that the
varies as T 3 . Fitting Eq. 共3兲 to
inelastic scattering rate  ⫺1
i
our  (T) data between 20 and 150 K and assuming  ⫺1
i
⫽bT 3 yields b⫽(9.4⫾0.3)⫻107 s⫺1 K⫺3 . The result of the
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constants D⬎2 cm2 /s, the magnetoconductivity in the
weak-localization regime and in the presence of spin-orbit
scattering is given by8

␦  WL共 H 兲 ⫽⫺

e2
2 ប
2

冑 冋 冉 冊

冉 冊册

3
eH 1
H
H
⫺ f3
f
ប 2 3 H
2
H2

, 共4兲

where
⬁

f 3共 x 兲 ⫽

兺
n⫽0

冉

冋冉

1 1
⫺ n⫹ ⫹
2 x
FIG. 3. Electrical conductivity  of icosahedral Y-Mg-Zn plotted vs T 3/2. The straight line is the fit of Eq. 共3兲 to the  (T) data
between 20 and 150 K 共see text兲.

fit is shown as the straight line in Fig. 3. We note that the
is consistent with
cubic-in-temperature variation of  ⫺1
i
electron-phonon scattering in pure metals, a scenario that is
quite remarkable considering the quasiperiodic nature of
Y-Mg-Zn. As we shall discuss below, also our ␦  (H) data
3
are consistent with  ⫺1
i ⬀T .
We now discuss the electrical conductivity data below 20
K. The monotonous  (T) variation with the positive slope
⫺1
d  /dT implies that 2  ⫺1
i (T)⬎  so above 1.8 K. Our ␦  (H)
⫺1
data indicate, however, that  i (T) is of similar magnitude
⫺1
at a temperature in the range between 7.8 and 20 K.
as  so
As we shall discuss below, based on the analysis of our
⫺1
magnetoconductivity data 2  ⫺1
is equal to  so
at 13 K.
i
Accordingly, the slope d  /dT of the  (T) curve is expected
to turn negative below that temperature, quite in contrast
with our observations. Thus, our low-temperature  (T) data
cannot be described by a contribution from weak-localization
effects alone. The monotonous  (T) variation and the weakening of the slope d  /dT around an inflection point at 14 K
may be related to a crossover, with decreasing temperature,
to a regime in which  (T) is affected by Coulomb interactions among itinerant electrons.14 Indeed, in the temperature
range below several degrees Kelvin, the interaction correction varying as 冑T often dominates  (T) of quasicrystals
with fci structures. Examples are icosahedral Al-Cu-Fe,15
Al-Mn-Pd,16 and also Al-Re-Pd provided its residual conductivity  (0) is not too low.17 More recently, a square-root
temperature dependence of the electrical conductivity has
been reported for a multigrain sample of icosahedral
Y-Mg-Zn obtained via conventional solidification.18 Considering our  (T) data between 1.8 and 20 K, the contributions
to the electrical conductivity  (T) from the weaklocalization term and from the Coulomb interaction term
cannot be separated in simple ways. This is mainly because
the Coulomb interaction term is expected to weaken with
increasing temperature, finally vanishing in the temperature
range between 10 and 50 K.19
We now compare our low-temperature magnetoconductivity ␦  (H) data with theoretical calculations considering a
contribution to the magnetoconductivity due to quantum interference effects. For systems with large electron diffusion
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The series in Eq. 共5兲 converges very slowly and using this
expression directly for analyzing magnetoconductivity data
is not practical. Instead, we used the following expression:20
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共8兲

which was claimed to approximate the function f 3 (x) with
an accuracy of better than 0.1% for all x and to yield the
correct asymptotic limit f 3 (x→⬁)⫽0.6049. We fit Eq. 共4兲 to
our magnetoconductivity ␦  (H) data taken at 4, 7.8, 20, and
30 K using the electron diffusion constant D and the inelastic
scattering time  i(T) evaluated as described above. Although
the scattering of the data points is substantial, the ␦  (H)
variation is well reproduced by the fits both qualitatively and
quantitatively, as may be seen in Fig. 2. This implies that the
Coulomb interaction contribution to ␦  (H) is unimportant,
at least, in the temperature range and in the magnetic-field
range investigated here. The spin-orbit scattering time
 so—the only parameter of these fits—appears to be rather
insensitive to the details of the fitting procedure and, therefore, can reliably be determined. The best fits shown in the
panels of Fig. 2 as the solid lines are achieved with  so
⫽2.2⫻10⫺12 s. We estimate the uncertainty in  so to be of
the order of 20%. The resulting value of  so is distinctly
larger than the values in the range between 1.1⫻10⫺13 and
1.5⫻10⫺13 s, previously reported for icosahedral Al-MnPd, a quasicrystal with relatively strong spin-orbit
scattering.16 Our  so value is of the same order of magnitude
as  so⫽4⫻10⫺12 s reported for icosahedral Al-Cu-Fe, in
which the strength of spin-orbit scattering is moderate.15
This is not at all surprising, because for icosahedral
Y-Mg-Zn the weighted average of the atomic weights of
constituent elements is close to that of icosahedral Al-Cu-Fe.
Finally, we note that our ␦  (H) results are in obvious conflict with a recent claim by Kondo and co-workers18
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FIG. 4. Hall coefficient R H of Y-Mg-Zn between 1.8 and 250 K.
The horizontal solid line represents the average value of R H over
the whole covered temperature range.

that icosahedral Y-Mg-Zn can be regarded as an electronic
system with weak spin-orbit scattering, based on an observation of the positive magnetoconductivity ␦  of melt-spun
Y-Mg-Zn in the temperature range between 2.8 and 10 K.
Concluding our discussion, we reiterate that for a single
quasicrystal of icosahedral Y-Mg-Zn, the zero field conductivity  (T) between 20 and 150 K and the magnetoconductivity ␦  (H) in magnetic fields of up to 70 kOe taken at
selected fixed temperatures in the range between 4 and 30 K,
are well described considering quantum-interference effects
alone. The obvious absence of a region in which the slope
d  /dT of the conductivity  (T) curve is negative is most
likely related to a crossover into a low-temperature regime in
which  (T) is affected by a sizable Coulomb-interaction
correction. The regime, in which the interaction correction
dominates the temperature dependence of  is, however, expected to occur well below the lowest reached temperature of
1.8 K. In this connection, an investigation of the electrical
transport properties of Y-Mg-Zn in the millikelvin temperature range might confirm our conjecture.
2. Hall effect

The Hall coefficient R H was determined from a linear fit
to the magnetic-field variation of the Hall resistivity  H (H)
at H⭓40 kOe. In Fig. 4, R H (T) is shown between 1.8 and
250 K. The Hall coefficient R H takes the values between
⫺1⫻10⫺9 and ⫺5⫻10⫺9 m3 /C in the entire covered temperature range. In view of the scattering of the data points,
no analysis of the quantum corrections to R H (T) is attempted. Averaging the R H (T) data between 1.8 and 250 K
yields (⫺2.7⫾0.2)⫻10⫺9 m3 /C, which corresponds to a
very low effective charge-carrier concentration n eff
⫽(e 兩 R H 兩 ) ⫺1 ⬇2.3⫻1021 cm⫺3 , or approximately 0.04
charge carriers per atom of the Y-Mg-Zn alloy. A comparative analysis of the specific heat and optical reflectivity data
obtained from a sample cut from the same grain of the icosahedral Y-Mg-Zn material also leads to a low itinerant
charge-carrier density n i of about 0.13 charge carriers per
atom 共see Sec. III C兲. On the other hand, we note that n eff is
distinctly lower than n i . Given the complexity of the electronic excitation spectrum of icosahedral quasicrystals, the
significance of this difference is not quite clear at present.
Within a simple two-band model consistent with the HumeRothery-type stabilization, the small ratio n eff /n i⬇0.3 may
indicate that icosahedral Y-Mg-Zn is a nearly compensated

FIG. 5. Specific heat C p (T) of icosahedral Y-Mg-Zn and TbMg-Zn between 1.5 and 20 K plotted on logarithmic scales.

metal. In this connection, we recall that the regime of near
compensation has previously been claimed by Lindqvist and
co-workers21 for icosahedral Al-Cu-Fe, based on the results
of Hall effect measurements. Finally, we note that the sign of
R H indicates that the itinerant carriers are predominantly
negatively charged, i.e., electronlike.
B. Specific heat
1. Y-Mg-Zn

The specific-heat C p (T) data for icosahedral Y-Mg-Zn
measured in the temperature range between 1.5 and 20 K is
shown in Fig. 5 on a double logarithmic plot. Between 1.5
and 4 K our C p (T) data, shown in Fig. 6 as C p /T vs T 2 , are
very well fitted by a sum of a linear- and a cubic-intemperature term

FIG. 6. C p /T vs T 2 for icosahedral Y-Mg-Zn. The solid line
indicates the fit of Eq. 共9兲 to the C p (T) data 共see text兲.
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C p 共 T 兲 ⫽ ␥ T⫹ ␤ T 3 .

共9兲

The fit is shown as the solid line through the data points of
Y-Mg-Zn in Fig. 6. The fitting parameters are ␥ ⫽(0.623
⫾0.004) mJ mol⫺1 K⫺2 and ␤ ⫽(46.1⫾0.5)  J mol⫺1
K⫺4 . Our value of the parameter ␥ is close to analogous
value reported previously for a polygrain sample of Y-MgZn, prepared via conventional solidification.22
A linear-in-temperature term ␥ T in the low-temperature
specific heat of metals is commonly associated with excitations of electronic degrees of freedom. For icosahedral quasicrystals, however, a reliable evaluation of the electronic
contribution ␥ elT to the specific heat C p (T) is hampered by
the presence of tunneling states, as indicated by the results of
experiments probing sound velocities, acoustic attenuation,
and thermal conductivity at low temperatures.23–25 In the formalism of the tunneling-states model26,27 the spectral density
of tunneling states is assumed to be energy independent and
limited to a certain energy range. In this case thermal excitations of tunneling states are also expected to contribute a
linear-in-temperature term C TS⫽ ␥ TST to the total specific
heat C p (T).26,27 Accordingly, in an analysis of the specific
heat C p (T) data of an icosahedral phase, contributions from
both electronic and tunneling-state excitations must be considered. Tunneling states are commonly present in metallic
glasses and their contribution C TS(T) to the total specific
heat C p (T) is typically of the order 0.05 T mJ mol⫺1 K⫺1 .28
This ␥ TST value corresponds to approximately 8% of the
linear contribution ␥ T to the specific heat C p (T) of icosahedral Y-Mg-Zn. Recent low-temperature investigations of the
thermal conductivity and of the sound velocities performed
on single quasicrystals of icosahedral Y-Mg-Zn did not reveal, however, any distinct features in the temperature variation of these quantities that were characteristic of interactions
of acoustic excitations with tunneling states.29,30 Therefore, it
is reasonable to assume that the linear term ␥ T in the lowtemperature specific heat C p (T) of icosahedral Y-Mg-Zn is
almost entirely due to the electronic excitations, i.e., ␥ T
⫽ ␥ elT.
For icosahedral Y-Mg-Zn, the value of the electronic
specific-heat parameter ␥ el is somewhat higher than the ␥ el
values previously reported for fci quasicrystals in the AlMn-Pd and Al-Re-Pd systems, which fall into the range between 0.11 and 0.41 mJ mol⫺1 K⫺2 .17,24,31 For these materials, the small electronic specific heat has tentatively been
attributed to the presence of a pseudogap in the density of
electronic states 共DOS兲 at the Fermi energy E F . 17,24,31 The
pseudogap in the electronic DOS at E F of the icosahedral
Al-Mn-Pd and Al-Re-Pd quasicrystals was also inferred from
the analysis of the optical conductivity spectra obtained from
the same samples.17,32 Based on our low-temperature
specific-heat results, we cannot claim a low DOS at the
Fermi energy E F because the value of the electronic specificheat parameter ␥ el of icosahedral Y-Mg-Zn is close to that of
zinc. The optical conductivity spectrum of Y-Mg-Zn to be
discussed in detail in Sec. III C exhibits a distinct feature that
is characteristic of excitations across a pseudogap, however.
We now focus on the low-temperature specific-heat
C ph(T) due to lattice excitations. At low temperatures only
excitations of the long-wavelength acoustic modes contribute
to C ph(T), which is given by

C ph共 T 兲 ⫽
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2  2 k B4 T 3
5ប 3 v s3

,

共10兲

where 1/v s3 is the average, over the directions of propagation,
of the inverse third power of the phase velocities v i (q) of the
␤
three
acoustic
modes.
The
coefficient
⫽46.1  J mol⫺1 K⫺4 , matching the cubic-in-temperature
term of the low-temperature specific heat of icosahedral
Y-Mg-Zn leads to a thermodynamic average of the sound
velocities v sth⫽3.04⫻105 cm/s. The low-temperature lattice
specific heat of periodic crystals is often characterized by the
Debye temperature ⌰ D . We note, however, that a common
definition of ⌰ D involves the number of atoms per unit cell
and thus cannot be applied to a quasiperiodic crystal. Defining the Debye temperature ⌰ D of a quasicrystal as
⌰ D⫽

ប
共 6  2 n a兲 1/3v s ,
kB

共11兲

where n a is the number of atoms per unit volume, we deduce
th
Debye temperature of icosahedral
the thermodynamic ⌰ D
Y-Mg-Zn to be 348 K.
2. Tb-Mg-Zn

Also our specific heat C p (T) data for Tb-Mg-Zn in the
temperature range between 2 and 19 K is displayed in Fig. 5,
indicating a large excess specific heat C ex(T) if compared to
C p (T) of Y-Mg-Zn. It is obvious that C ex(T) is the dominant
contribution to C p (T) of the Tb-based quasicrystal within
the whole covered temperature range, thus complicating a
direct analysis of the specific-heat data of this material. The
excess specific heat C ex may be obtained by subtracting the
electronic term C el and the lattice term C ph , evaluated from
the specific-heat data of the Y-Mg-Zn phase, from the total
measured specific heat C p . The structure, as determined by
the x-ray diffraction and HRTEM investigations, is the same
for both icosahedral phases. Assuming only a small contribution of the f electrons to the density of electronic states at
the Fermi energy E F , one may expect that the electronic
term C el is only slightly affected by the substitution of Y by
Tb. Considering in addition that the six-dimensional lattice
parameters and, consequently, real-space interatomic distances differ very little, one may further expect that the lattice stiffness is nearly the same for both phases. In this case,
the main difference between the lattice contributions C ph to
the specific heat is due to differences in atomic masses, i.e.,
C ph⬀M 3/2, where M is the mean atomic mass. With
we
obtain
C ph, Tb-Mg-Zn
M Tb-Mg-Zn /M Y-Mg-Zn⫽1.113
⫽1.175C ph, Y-Mg-Zn . Over the entire covered temperature
range, C p of the Tb alloy exceeds the sum of C el and C ph by
at least a factor of 2, and therefore our evaluation of C ex is
expected to be quite reliable. The resulting excess specific
heat C ex(T) is shown in Fig. 7.
Based on the results of our dc magnetic susceptibility
measurements reported in Ref. 7, single-grain quasicrystals
of icosahedral Tb-Mg-Zn exhibit a spin-glass-type freezing
of Tb moments at T f⫽5.8 K. Therefore, at least part of the
excess specific heat C ex(T) must be attributed to spin-glasstype magnetic excitations. For spin-glass systems, the magnetic specific heat C m(T) at T⫽0 starts off with a tempera-
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term C CEF(T). The magnitude of the C ex(T) deviation from
the approximate T 1.6 variation of the low-temperature spinglass magnetic contribution C m is compatible with a minimum splitting ⌬/k B in the range between 25 and 35 K between the lowest and first excited levels of the CEF-split J
⫽6 multiplet of Tb3⫹ ions. On the other hand, the monotonous C ex(T) variation with a positive slope dC ex /dT up to
the highest measured temperature of 19 K reveals excitations
to levels separated from the lowest level by more than 50 K.
For our more detailed analysis of the C ex(T) data we have
assumed that the main contributions to the excess specific
heat C ex(T) are from spin-glass-type magnetic excitations
and from excitations to higher levels of the CEF-split
ground-state multiplet of Tb3⫹ ions. Assuming further that in
the temperature range covered in our experiment, C CEF(T)
may be approximated by a Schottky-type anomaly resulting
from excitations out of a ground-state doublet to levels of
unknown degeneracy around two higher energies, the excess
specific heat well above T max may be written as
FIG. 7. The excess specific heat C ex(T) of icosahedral Tb-MgZn. The solid line is the fit of Eq. 共12兲 to the data between 14 and
19 K. The broken line indicates the CEF contribution C CEF(T) to
the specific heat. Inset: ln Cex vs ln T between 2 and 3.5 K; the solid
line and the broken line are the linear fits to the data between 2 and
2.4 K, and between 3 and 3.5 K, respectively.

ture variation of the form C m⬀T a , where the exponent a
usually takes values between 1.2 and 1.7,33,34 reaches a
maximum at a temperature T max that is somewhat higher that
the freezing temperature T f and decreases with further increasing T, approaching a T ⫺2 variation well above T max . 35
We note, however, that after passing through a shoulder-type
feature at 7 K, C ex continues to rise with increasing temperature, indicating that in addition to C m , the excess specific
heat C ex contains another contribution, which gains in weight
towards higher temperatures. We attribute this contribution
to excitations to higher levels of the crystal-electric-field
共CEF兲 split multiplet of the 4 f -electron Hund’s rule ground
state. We have previously reported that CEF effects lead to a
significant local magnetic anisotropy of Tb3⫹ ions, which
manifests itself by higher freezing temperatures T f of the
(Y1⫺x Tbx )-Mg-Zn solid solutions than for the
(Y1⫺x Gdx )-Mg-Zn alloys with the same heavy rare-earth
concentrations x.7
A rigorous analysis of the CEF contribution C CEF(T) to
the specific heat C p (T) of Tb-Mg-Zn meets difficulties. This
is mainly because the fci quasilattices allow multiple inequivalent sites for the same atomic species and, although
simulations of the HRTEM images have indicated that the
rare-earth atoms preferentially occupy the center of an icosahedron decorated by Mg and Zn,6 the point symmetries of
the rare-earth sites are not really known at present. Most
likely, icosahedral shells are not decorated completely by
either Mg or Zn, thus leading to rather low point symmetries
of the rare-earth sites and, consequently, to a singlet or, at
most doubly degenerate ground state of Tb3⫹ ions.
At the lowest temperatures between 2 and 3.5 K, the slope
d ln Cex /d ln T of the ln Cex vs ln T curve shown in the inset
of Fig. 7 increases from 1.6 to 1.8. We attribute this stronger
than power-law variation of C ex(T) to an onset of the CEF

C ex共 T 兲 ⫽

A
T
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where g i and ⌬ i are the degeneracy and the energy of the ith
level, respectively, and
3

Z⫽

兺 g i exp
i⫽1

冉
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⌬i
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冊

共13兲

is the partition function. The best fit of Eq. 共12兲 to our
C ex(T) data in the temperature range between 14 and 19 K is
obtained with g 1 ⫽2, as assumed, g 2 ⫽2 and g 3 ⫽7, yielding
A⫽(3.7⫾0.4)⫻102 J K/mol Tb, ⌬ 2 /k B ⫽(29⫾1) K and
⌬ 3 /k B ⫽(76⫾2) K. The result of this fit is displayed as the
solid line in Fig. 7. The broken line indicates the CEF contribution C CEF(T) separately.
The magnetic specific heat C m of icosahedral Tb-Mg-Zn
may now be obtained by subtracting the CEF term C CEF
from the excess specific heat C ex . Its temperature dependence is shown in Fig. 8. Between 2 and 3.5 K, C m varies as
T a with a⫽1.57⫾0.01. This variation, consistent with spinglass behavior, is illustrated in the inset of Fig. 8, where we
plot C m as a function of T on logarithmic scales. The magnetic specific heat C m(T) exhibits a maximum at T max
⫽7.2 K. This temperature is about 25% higher than the
freezing temperature T f⫽5.8 K, determined from the dc
magnetic susceptibility data,7 again a typical feature of spin
glasses. Our C m(T) data, in the form of C m /T vs T, is plotted in Fig. 9. The temperature derivative of the magnetic
entropy dS m /dT⫽C m /T reaches a maximum very close to
the freezing temperature T f , indicating that the freezing of
the magnetic moments at T f manifests itself with a maximum
change in the magnetic entropy. Although this behavior of
the magnetic specific heat C m(T) is not universal for spin
glasses, we note that a coincidence of the maximum in the
C m /T vs T curve and T f has previously been reported for
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FIG. 8. The calculated magnetic contribution C m(T) to the specific heat of the Tb-Mg-Zn alloy. Inset: C m vs T between 2 and 5 K
plotted on logarithmic scales; the solid line is the power-law approximation of the data between 2 and 3.5 K, as explained in the
text.

icosahedral Al-Mn-Pd.31 The magnetic entropy ⌬S m(T), obtained from the magnetic contribution C m(T) to the specific
heat via
⌬S m共 T 兲 ⫽

冕

TC

0

m

T⬘

dT ⬘ ,

共14兲

is displayed in Fig. 10. For this calculation, C m was extrapolated to zero temperature assuming the power-law variation
C m(T)⬀T 1.57 below 2 K. The ⌬S m(T) curve reveals that
more than 55% of ⌬S m is released above the freezing temperature T f . Thus, the freezing of magnetic moments at T f
removes only a fraction of the magnetic entropy, implying a
considerable short-range order of magnetic moments above
T f , again typical of spin glasses. At 19 K, ⌬S m reaches
6.1 J mol Tb⫺1 K⫺1 . This value is close to R ln 2, thus indicating that the spin-glass-type freezing of Tb moments at
T f⫽5.8 K indeed involves a doubly degenerate ground
state.
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FIG. 9. C m/T vs T of icosahedral Tb-Mg-Zn.

Figure 11 displays the complete reflectivity R(  ) spectra
for the Y-Mg-Zn and Tb-Mg-Zn quasicrystals at room temperature. The inset highlights the R(  ) variation in the far
infrared 共FIR兲 spectral range. We did not observe any temperature dependence of the R(  ) spectra, in agreement with
the very weak temperature variation of the electrical conductivity  (T).7 The complex optical conductivity  (  )
⫽  1 (  )⫹i  2 (  ) was obtained by a standard KramersKronig transformation of the optical reflectivity R(  ), extrapolated both to lower and to higher frequencies. The extrapolation of R(  ) to lower frequencies was based on the
Hagen-Rubens relation 1⫺R(  )⬀(  /  dc) 1/2, i.e., assuming
metallic behavior 共see inset of Fig. 11兲. The following
scheme for the extrapolation of the optical reflectivity R(  )
to high frequencies was adopted. Between the highest
achieved frequency of 9.7⫻104 cm⫺1 , accessible by our ultraviolet range spectrometer and 3⫻105 cm⫺1 , we assumed
R(  )⬀  ⫺2 , simulating interband transitions. Above
3⫻105 cm⫺1 , we assumed the behavior of free electrons,
i.e., R(  )⬀  ⫺4 . The resulting optical conductivity  1 (  )
spectra are shown in Fig. 12. For both materials, the FIR
limits of  1 (  ) are in fair agreement with the measured

C. Optical properties

The optical properties of quasicrystals were frequently
studied in recent years and have proven to be very useful for
the determination of the charge excitation spectrum.17,32,36–38
Generally speaking, the electrodynamic response of a quasicrystal is quite different from that of either a metal or a
semiconductor. A common feature in the excitation spectra
of both icosahedral and decagonal quasicrystals is an absorption feature at about 104 cm⫺1 , overlapping with an effective metallic contribution at low frequencies. The metallic
contribution is more pronounced in decagonal than in icosahedral quasicrystals, mainly because of generally higher
charge-carrier densities in decagonal phases.17,32,36–38 The
absorption at about 104 cm⫺1 is commonly ascribed to excitations across a pseudogap, the lowest-energy electronic
interband transition, possibly a consequence of the HumeRothery-type electronic stabilization mechanism.17,32,36,39

FIG. 10. The magnetic entropy ⌬S m of icosahedral Tb-Mg-Zn
as a function of temperature T.
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FIG. 11. Room-temperature optical reflectivity R(  ) of
Y-Mg-Zn and Tb-Mg-Zn between 16 and 9.7⫻104 cm ⫺1 . Inset: R
vs  1/2 in the FIR spectral range for both materials.

electrical conductivities  .7 This is illustrated in the inset of
Fig. 12, which displays  1 (  ) in the FIR spectral range.
Both the R(  ) and  1 (  ) spectra reveal a number of
features that have previously been identified for various
other quasicrystalline systems. First, we clearly recognize the
metallic behavior, indicated by a sharp plasma edge in R(  )
with an onset at approximately 6.5⫻104 cm⫺1 and the reflectivity R(  ) tending towards 100% for  →0. In the optical conductivity  1 (  ) spectra, the metallic behavior manifests itself by the 共Drude兲 spectral weight, i.e.,

冕

0

0

 1共  兲 d 

共15兲

at frequencies below  0 ⬃103 cm⫺1 共see also inset of Fig.
12兲. Second, the reflectivity R(  ) spectra contain the abovementioned typical broad shoulder between 8⫻103 and
2⫻104 cm⫺1 leading to an absorption peak at approximately 6⫻103 cm⫺1 in  1 (  ), which overlaps with the
Drude spectral weight and is ascribed to electronic excitation
across a pseudogap. Due to the high dc electrical conductivity of the icosahedral Y-Mg-Zn and Tb-Mg-Zn quasicrystals,
this absorption is less pronounced and appears at somewhat
lower frequencies than for the icosahedral Al-Mn-Pd and AlRe-Pd phases with lower conductivities 共see, e.g., Fig. 13 in
Ref. 38兲.17,32
For Tb-Mg-Zn, two additional broad contributions may be
identified at approximately 350 and 1000 cm⫺1 in the optical conductivity  1 (  ) below the pseudogap absorption. The
feature at 1000 cm⫺1 has previously been found in the
 1 (  ) spectra of icosahedral Al-Re-Pd.17 Contrary to an earlier interpretation in terms of a mobility gap feature,36,37 we
suggested a distribution of bound states as an origin of this
broad contribution in  1 (  ) in Ref. 17. The FIR absorption
at approximately 350 cm⫺1 in the  1 (  ) spectra of TbMg-Zn can be ascribed to optically active phonon modes. In
fact, a peak near 240 cm⫺1 has been observed in the optical
conductivity spectra of icosahedral quasicrystals and was as-
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FIG. 12. Real part  1 (  ) of the complex optical conductivity
 (  ) of Y-Mg-Zn and Tb-Mg-Zn at 300 K. The dotted lines indicate the fits of Eq. 共16兲 to the  1 data. The inset shows  1 (  ) in the
FIR spectral range.

sociated with a phonon mode.17,32 Similar features in the
spectral range extending from the midinfrared to the FIR can
be also recognized in the Y-Mg-Zn compound. Despite the,
in comparison with Tb-Mg-Zn, larger Drude spectral weight,
an absorption and a broad shoulder at about 1000 and
200 cm⫺1 , respectively, may still be identified in  1 (  ) of
Y-Mg-Zn.
A phenomenological approach, based on the classical dispersion theory of Drude and Lorentz,40 allows for a separation of the various components contributing to the dynamics
of the charge excitation spectrum. For both quasicrystalline
alloys, we assumed that  1 (  ) can be described by a Drude
term for the free charge carriers and several noninteracting
Lorentz harmonic oscillators describing a phononlike excitation and a bound-state absorption below the pseudogap in the
frequency range  ⬍1.6⫻103 cm⫺1 , a pseudogap-like absorption at 6⫻103 cm⫺1 and a high-frequency interband absorption. We model the dielectric function (  ) with
4
˜ 2p

 2i
⫹
,
 共  兲 ⫽ ⬁ ⫺
 共  ⫹i⌫ D 兲 i⫽1 共  0i 兲 2 ⫺  2 ⫺i ␥ i 

兺

共16兲

˜ p is the
where  ⬁ is the high-frequency dielectric constant; 
effective plasma frequency associated with the free charge
carriers and ⌫ D is the relaxation rate of the Drude term;  0i
are the resonance frequencies, ␥ i are the dampings, and  i
are the mode strengths of the phonon, the bound state, the
pseudogap and the interband harmonic oscillators, respectively. Fitting our  1 (  ) data using Eq. 共16兲 adequately reproduces the major features of the charge excitation spectrum 共see Fig. 12兲. The values of the fitting parameters are
given in Table I. We note that the values of the effective
˜ p are the largest, and the values of the
plasma frequencies 
pseudogap resonance frequencies  03 are the smallest ever
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TABLE I. Parameters of the fits of Eq. 共16兲 to the optical conductivity  1 (  ) data of Y-Mg-Zn and Tb-Mg-Zn 共see text兲.
Mode

Y-Mg-Zn

Tb-Mg-Zn

⑀⬁

1

1

Drude

˜ p , cm ⫺1

⌫ D , cm ⫺1

1.95⫻104

1.69⫻104

1.05⫻103

1.06⫻103

Phonon

 01 ,

cm ⫺1
␥ 1 , cm ⫺1
 1 , cm ⫺1

2.26⫻102
1.86⫻103
2.10⫻103

3.47⫻102
2.82⫻102
2.34⫻103

Bound state

 02 , cm ⫺1
␥ 2 , cm ⫺1
 2 , cm ⫺1

1.40⫻103
1.29⫻103
9.11⫻103

1.13⫻103
1.77⫻103
1.33⫻104

Pseudogap

 03 , cm ⫺1
␥ 3 , cm ⫺1
 3 , cm ⫺1

5.08⫻103
1.58⫻104
6.30⫻104

5.73⫻103
1.44⫻104
6.53⫻104

Interband

 04 , cm ⫺1
␥ 4 , cm ⫺1
 4 , cm ⫺1

8.55⫻104
2.00⫻104
2.82⫻104

8.55⫻104
2.00⫻104
2.82⫻104

High-frequency
dielectric response

冕

0

 2p
,
 1共  兲 d  ⫽
8

共17兲

with

 2p ⫽

4  n ee 2
m*

,

Fermi energy E F 共see Sec. III B兲, leads to an itinerant charge
carrier density n i⫽7.62⫻1021 cm⫺3 , or 0.13 charge carriers
per atom, and an effective mass m * ⬇1.8m.
IV. SUMMARY

reported for a quasiperiodically structured material.17,32,36–38
This observation is quite consistent with the previously rec˜ p and  03 variations, which seem to be
ognized trends of the 
governed by the conducting character of a quasicrystalline
phase.38
An estimate of the spectral weight may be obtained by
applying the conductivity sum rule to the  1 (  ) spectrum
⬁
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共18兲

where n e is the density of the charge carriers and m * is their
effective mass. Integrating the optical conductivity  1 (  )
after having subtracted the contributions to  1 (  ) from the
high-frequency electronic interband transitions, the bound
state and the phonon mode leads to  p⫽6.59⫻104 and
6.73⫻104 cm⫺1 for Y-Mg-Zn and Tb-Mg-Zn, respectively.
Assuming that the effective mass m * is equal to the freeelectron mass m, these plasma frequency values correspond
to charge-carrier densities n e of 4.85⫻1022 cm⫺3 for
Y-Mg-Zn and 5.10⫻1022 cm⫺3 for Tb-Mg-Zn. We reiterate
that these values reflect the density of all the charge carriers
contributing to the complete charge excitation spectrum and
are associated with the total spectral weight of the optical
conductivity.
The concentration n i and effective mass m * of the itinerant charge carriers may be estimated from a comparison of
the coefficient ␥ el of the electronic specific heat and the ef˜ p . For Y-Mg-Zn, assuming that
fective plasma frequency 
the linear term ␥ T in the low-temperature specific heat
C p (T) is entirely due to the density of electronic states at the

For icosahedral Y-Mg-Zn, the temperature dependence of
the electrical conductivity  (T) between 14 and 150 K and
the magnetic field dependence of the magnetoconductivity
␦  (H) in magnetic fields of up to 70 kOe and in the temperature range between 4 and 30 K can be well described
quantitatively by considering weak localization in the presence of spin-orbit scattering of moderate strength. The temperature variation of the inelastic scattering rate  ⫺1
i (T)
⬀T 3 that can be inferred from our electrical conductivity
 (T) and magnetoconductivity ␦  (H) data is consistent
with theoretical expectations for electron-phonon scattering
in pure metals, which is quite surprising in view of the quasiperiodic structure of icosahedral Y-Mg-Zn. The temperature variation of the conductivity  (T) between 1.8 and 14 K
indicates that another mechanism, most likely Coulomb interactions among itinerant electrons, contributes albeit
weakly to  (T) in this temperature range.
Below 4 K, the specific heat C p (T) of icosahedral
Y-Mg-Zn can be well described as the sum of a linear- and a
cubic-in-temperature terms, i.e., assuming that C p (T) is due
to electronic and lattice excitations. The coefficient ␥ of the
linear term ␥ T in the specific heat C p (T) is close to the ␥
value of zinc, thus indicating no significant reduction in the
density of electronic states at E F . For Tb-Mg-Zn, the temperature variation of the specific heat C p (T) is indicative of
a spin-glass-type freezing of Tb moments and of a crystalfield splitting of the Tb J⫽6 Hund’s rule ground state.
The optical conductivity  1 (  ) spectra of icosahedral
Y-Mg-Zn and Tb-Mg-Zn reveal a number of common features. At low frequencies,  1 (  ) is dominated by a Drude
˜ p assocontribution with the effective plasma frequencies 
ciated with the free charge carriers of 1.95⫻104 and
1.69⫻104 cm⫺1 for Y-Mg-Zn and Tb-Mg-Zn, respectively.
The relaxation rate ⌫ D of the free charge carriers is only
about 1⫻103 cm⫺1 for both icosahedral phases. This value
is distinctly smaller than the ⌫ D values previously deduced
from the optical conductivity  1 (  ) spectra of Al-based
quasicrystals with FCI structures17,32,36,37 and is even smaller
than typical relaxation rates in amorphous metals.41 This is a
further manifestation of the enhanced metallicity of the Yand Tb-based single-grain icosahedral quasicrystals. In the
near infrared and visible spectral range, the most prominent
feature in the  1 (  ) spectra of these quasicrystalline materials is an absorption centered at approximately 6
⫻103 cm⫺1 , which is attributed to excitations across a
pseudogap in the electronic excitation spectrum. Due to the
rather high electrical conductivity of icosahedral Y-Mg-Zn
and Tb-Mg-Zn in the low-frequency limit, this absorption
occurs at distinctly lower frequency than for the FCI AlMn-Pd and Al-Re-Pd quasicrystals. For icosahedral Y-MgZn, a density n i of the free charge carriers of 7.62
⫻1021 cm⫺3 and a mass enhancement m * /m⬇1.8 may be
inferred from a direct comparison of the effective plasma
˜ p and the coefficient ␥ of the linear term ␥ T in
frequency 
the low-temperature specific heat C p (T).
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